-

© 0O N o o~ O N

JID:YFFTA AID:654 /FLA [mi+; v 1.78; Prn:27/10/2007; 10:04] P.1 (1-10)
% ST Available online at www.sciencedirect.com

) ) FINITE FIELDS
ScienceDirect AND THEIR
APPLICATIONS

@1 "

SEVIER Finite Fields and Their Applications eee (eeee) see—see _
http://www.elsevier.com/locate/ffa

EL

On systems of linear and diagonal equation of degree
p' + 1 over finite fields of characteristic p

Francis N. Castro**!, Ivelisse Rubio *?, Puhua Guan *', Raiil Figueroa *!

& Department of Mathematics, University of Puerto Rico, Box 23355, S.J. PR 00931-3355, Puerto Rico
b Department of Mathematics, University of Puerto Rico, Humacao PR 00791, Puerto Rico

Received 19 March 2007; revised 24 September 2007

Communicated by Gary L. Mullen

Abstract

One of the most important questions in number theory is to find properties on a system of equations that
guarantee solutions over a field. A well-known problem is Waring’s problem that is to find the minimum
number of variables such that the equation xf Foe e+ x;‘,{ = f has solution for any natural number S. In
this note we consider a generalization of Waring’s problem over finite fields: To find the minimum number
§(k,d, pf ) of variables such that a system

Ktk =p,

has solution over ]pr for any (81, B2) € Fif. We prove that, for p > 3, 5(1, pi +1, pf) =3 if and only if

f + 2i. We also give an example that proves that, for p =3, §(1,3" +1,3/) > 4.
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1. Introduction

One of the most important questions in number theory is to find properties on a system of
equations that guarantee solutions over a field. This type of question is called of the Chevalley
type and there are many results related to this [3,9,49]. A well-known problem is Waring’s prob-
lem that is to find the minimum number of variables such that the equation xf 4+ 4 x,‘f =8
has solution for any natural number $. This minimum number is called the Waring number asso-
ciated to d. For finite fields there are many bounds for Waring numbers [10,20]. For an excellent
survey of work related to Waring’s problem see [17,19].

In this note we consider a generalization of Waring’s problem over finite fields: To find the

minimum number of variables such that a system

xp 44 xk =B,
A 4ol = B (1)

has solution over F o/ for any (81, B2) € Fi ;- We denote this number by §(k, d, pf ).

The cases 8(1,d,2/) have been studied intensively because of their application to the com-
putation of the covering radius of certain cyclic codes. The following are some examples of the
known cases. It is known that §(1,2 + 1, 2f) =31if (i, f) = 1 and this is called Gold’s case
[5,12,15]. Also, 8(1,2/ + 1,27y =3 if orda(l + 1) < f/2,and [ = (2/ — 1,2/ — 1) [12]. In par-
ticular, §(1, 2! +1,2/) = 3 whenever [ = 1 mod 4. It is also known that §(1,2% —2! +1,2/) =3
and this is called Kasami’s case [6,8,13]. Recently, the case §(1, 20 4+ 3, 22““1) =3 was
proved by Canteaut et al. [2] and it is called the Welch’s case. In [1] it was proved that
S(1,2% 423 4 2% 4 0 1 25y L 4.

For the case where p > 3, it has been known for a long time that §(1, 2, pf) =3 (see [4,7,
18]). When p = 3 it was proved in [4] that §(1,2,3/) = 4.

In Section 3 we prove that, for p > 3, 8(1, p' + 1, p/) =3 if and only if f # 2i. We also
give an example that proves that, for p =3, §(1, 341,30 ) = 4. In Section 2 we compute the
splitting field of a polynomial that it is used in the proof of §(1, p' 4+ 1, p/) =3 for p > 3. In the
last section we find conditions on the coefficients of a system of diagonal equations so that the
system has solutions for any value of the constant terms.

2. Splitting field

In this section we compute the splitting field of a polynomial of the form ax?*! 4 bx? + bx +
d eFy[x].

Theorem 1. Let ¢ = p/ and f(x) =ax?t' +bxq + bx +d € Fylx], where a #0. Then f(x)
factors into linear factors over F 2[x].

Proof. We have

Fx)=ax? 4 bx? +bx +d
=x%(ax +b)+bx+d
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b b b?
:axq(x+—)+b<x+—>+d——
a a a

2

=<x+é)(axq+b)+d—b—
a a

(o) (+8) +a-%

=alx+-)|x+—-) +d——.

a a a

f(x)=a<x+—> —(——d). 2)
a a

If b2 = ad, then f(x) =a(x + %)"H and f (x) factors completely over IF,. Now suppose that
b2 #ad. If we letd' = L(2 — d), we obtain

b g+1
f(x):a((x—i—g) —d’).

Note that, since d’ € Fy, there exists D € IF ;2 such that D7t = ¢’ Therefore

g+1 ol
f(x)=a<<x+§) _DqH):aDqH((%"_a%) _1>

— aDq+1(yq+1 _ 1)7

Then

fory=5+ a%. Since

OFaceF i=0
one has that f(x) factors into linear factors over qu. O

The next corollary will be needed to prove that 8(1, p' + 1, p/) =3 for p > 3, if and only if
f # 2i (Theorem 7).

Corollary 2. Let p > 2 and suppose that g € I . The number of different roots of f(x) over I
is even if and only if b* # ad.

Proof. Suppose that b> # ad and x =5 € [, isarootof f(x). Then, for y = 5+ %, one has
that f(s) =aD*!(y4*! — 1) = 0= a D ((—y)?*! — 1). This implies that —s — 2 € F i is
also a solution of f(x) =0.

To see that the number of different roots is even, we first see that s # —s — Za—b. Ifs=—s— %
then s = _Tb But f(_Th) = 0 implies that b> = ad and we are assuming that this is not true.

2b

T a

)

Hence, if s is a root of f(x), we have that —s is a different root of f(x) and we have sets of
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roots {s;, —s; — za—b} with two elements. These sets are either equal or disjoint because (1) s; =5

if and only if —s; — 22 = —s; — 22, and (2) 5; = —s; — 2 if and only if 5; = —s; — 2. This
implies that the number of roots of f(x) is even.
Suppose now that b> = ad. Then, from the proof of Theorem 1 we can see that x = —g YO

is the only root of f(x) and hence the number of different roots is odd. O

Consider the polynomial 3 +1=(x+1)(x*+x+1) e F5[x]. This polynomial has the form
f(x) =ax?T! 4+ bx? + bx +d witha =d =1 and b = ¢ = 0. The polynomial has only one
solution over [Fi+1 but 0 = b* # ad = 1. This implies that the previous corollary is not true for
p=2.

The next are some results on the reducibility and type of roots of polynomials similar to the
one in Theorem 1.

Proposition 3. The polynomial g(x) = ax?t! +bx? +cx +d e F,[x] has a root over F if and
only if ax® + (b + ¢)x +d is reducible over F,.

Corollary 4. The polynomial g(x) has at most two different roots over IF,.

Corollary 5. Let g = p/, p>2 and f(x) = axPT! + bxP + bx +d € Fplx], where a # 0.
Ifb* +# ad and (f,2) = 1, we have that

I. fX)=& —ap)(x —oa)p1(x)--- pp-1(x) over pr whenever ax* + 2bx + d is reducible
2
over IF ol where the p;(x)’s are irreducible polynomials of degree 2, and o1, o are zeros of

ax? + 2bx +d over Fp.
2. f(x)=p1(x)--- pp+1(x) over Ipr whenever ax? + 2bx +d is irreducible over Ipr, where

the p;(x)’s are irreducible polynomials of degree 2.
3. f(x) is always reducible over ]pr.

Proof. By Theorem 1,

f@) =pox)p1(x)--- pp-1(x),

2

where p;(x) € F[x] have degree 2 fori =0, ..., ”T_l Suppose that o € IE‘,,f and po(a) =0.
Then « is a root of degree at most 2 over I,. This implies that « € F,» NF 7, and since f is

odd, we have a € IF,. Therefore 0 = f(a) = aa? + (b + c)a + d. Note that any other root of
f(x) will also be a root of ax* + (b + ¢)x +d. This implies that f(x) has exactly two roots in
IF,, and p; (x) is irreducible over Ipr fori=1,..., p%. O

Proposition 6. Let g(x) = ax9t! + bx9 + cx +d. If b # ¢ and bc = ad, then g(x) has exactly
two distinct roots.

Proof. Just note that

b b
g(x) =ax?™ 4 bx? 4 cx 4+ d = <x+ _)(ax" +c)= <x+ _>(aX+C)"- m
a a
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3. Calculation of §(1, p' + 1, p/)

As we mentioned in the introduction, §(1, d, 2f ) has been studied intensively because of
the applications to the computation of the covering radius of certain cyclic codes. In particular,
8(1, 20 41,2 ) = 3 under certain conditions, although the necessary conditions for this are still
not known.

In this section we find the necessary and sufficient conditions for §(1, p' + 1, p/) = 3 for any
field of characteristic greater than 3. The proof that we present here is elementary and uses a
technique introduced in [12].

Theorem 7. Let p > 3. Then the system of polynomial equations

x1+x2+x3 =4,

P+l pi4l

R N S 3)

has solutions for every B,y € F ,, if and only if f #2i.

Proof. Consider the system

X1+ x2 + x3 = Boxs,

p+1+xp+1_yxf+1' (4)

p i+1 +x
Note that (a, b, ¢,d),d # 0, is a solution to system (4) if and only if (%, %, %) is a solution to
system (3) with 8 = By, ¥ = yo. To prove that system (3) has solutions we will see that system (4)
has solutions with x4 # 0. For this, consider the system

X1 +x2+x3=0,

p+l+ p+1+xp+1_0 (5)

P41 pi+1

The number of solutlons of (5) is the number of solutions of x| + x5 + (x1+ xz)'”i"’l =0.
If x, =0 then 2x1 =0, and x; = 0. Suppose that Xy = b # 0. Then xp + + bP T+ +
1+ b)Y = x4 b (g 4 )P (61 + ) = 2] R g bP"xl + 27"+ =0,

This equation is equivalent to 2(%)1’ o (%‘)p + (%) 4+ 2 =0 and has the same number of
solutions as

2 P 44 2=0. (6)

Note that the polynomial in this equation is of the type considered in Theorem 1 and therefore
ithas all its solutions in I¥ 2 . Suppose that N is the number of different solutions of (6) over IF ¢
Then the number of solutions of system (5) is N(pf —1)+1=Np/ — (N —1). By Moreno—
Moreno’s theorem (see [14]), we have that p!//21 divides the number of solutions of (4).

If N =0, then (0,0,0) is the only solution to system (5) and therefore there is only one
solution to system (4) with x4 = 0. Since p!//21 divides the number of solutions of (4), we must
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have that this system has solutions with x4 # 0, and system (3) has solutions. Suppose that
N = 1. Then, since g = % € IFj,, Corollary 2 implies that b? = ad. Therefore p=3andthisisa
contradiction. .

For N > 1, if we prove that ord,(N — 1) < (%1 then the number of solutions of system (4) is
not equal to the number of solutions of system (5). This means that system (4) has solutions with
x4 # 0 and we obtain the desired result.

Since p > 3 and the degree of (6) is pi + 1, one has that ord,(N — 1) <i. Now, if i < [%1,

then ord,(N — 1) < [%1 and we are done. We now have to prove that this is also true when

> (%1. Suppose that 2i > f. Without loss of generality, we can assume that p’ < pf — 2.
Hence i < f < 2i. Note that all the solutions of (6) over pr are in F k= Fp_/ N Iszi, where

= (2i, f) Hence, N < pk. Since k| f, we must have that k < f ork=f.

If k <4, then N — 1 < p*¥ < pl//21 and we are done. If k = f, then f|2i and one has
that fr = 21 for some r € Z. Since i < f, then ir < fr = 2i and hence r = 1. This implies
that f = 2i, which is a contradiction. Hence, for f # 2i system (3) has solutions for every

B,y elF p2i-
If f = 2i, then system (3) does not have solutions for all 8,y € F P2 For example, consider

y € Fpa \ F . Since (@P'tHP' =1 =1 for a € F;zl-, one has that o?' ! € F,i and xy +1 +

p+1+xp+1

= y does not have solutions. O
Corollary 8. Let p be any prime. Then (1, p' + 1, p*) does not exist.

Proof. Note that the last argument of the proof of Theorem 7 applies to a similar system with
any number of variables. O

Theorem 9. Suppose that p > 3. Then §(1, p' + 1, p/) =3 ifand only if f # 2i.
Proof. Consider the system
X1 +x=0,
X fa" +1 p i+1 —B. )

A solution to this system has to satisfy xp 1 2 , and this does not have a solution for each .

This implies that (1, p' + 1, p/) > 3. By the previous theorem §(1, p* + 1, p/) =3 if and only
if f#2i. 0O

For p =3 system (3) does not have a solution for each 8, y € 5. For example, consider

X1 +x2+x3=0,

3’+l +x3 +1 3 +1 = B. (8)

Note that a solution to (8) has to satisfy 8 = (x2 +x3)3 +1 +x3 1 +x3 = =2(xp+ 2x3)3i+l ,
and this equation does not have a solution for each .

Proposition 10. §(1, 3" +1,3/) > 3.
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4. Generalizations

One of the possible generalizations of Theorem 7 is to consider a system of two equations
with coefficients different from 1 and find conditions on the coefficients so that the system has
solutions over F ol This is, to find conditions on ay, az, as, b, by, b3 so that

bix1 +byxy + b3xz = B,
axP M fap T pasxl =y, )

have solutions over ¥, for every B,y € IF,;. It is important to note that the results here work
forany ¥,y with p #2.

Theorem 11. Suppose that ayaxazbi1brbs # 0, ay, a», a3, b1, by, b3 € Ipr, and f # 2i. Then,
system (9) has solutions for every B,y € F s if one of the following conditions hold:

1. () ay,az,a3, by, by, b3 E]Fpi;
(b) arb; b3 +ay =0 and a1b;*b? + a3 #0.
2. (a) al,az,a3,b1,b2,b3 E]Fpi;
(b) a1by*b3 +ar # 0 and a\b; *b} + a3 = 0.
arby PO Ly =0 and ayb; PR a3 =0,
4. (a) ay,ap,as, by, by, b3 GFpi;
(b) albl_zbﬁ +ay #0and albl_zbg + a3 #0;
(¢) a1b; *b3az + aza1b; b3 + azas #0.

et

Proof. We are going to use the same technique used in the proof of Theorem 7. Consider the
system (9) with B =y =0.

Then, x| = —bl_lbzxz — bl_lb3x3, and we want to compute the number of solutions of
_ N i+1 i1 i1
al (bl 1b2)€2 + bl lb3X3)p + agxf * + a3x§ + (10)

(i 1 i 1 i 1 _(nl 1 i i

= (@b PO ) T by P Vb byxaxt
(i 1 i i (i 1 i 1 i 1
+ab, (p'+ )bzbg xé’ X2 + (a1b1 (p'+ )bg + +a3)x§7 +

=0.

@ (a) For coefficients satisfying Theorem 4 part (1), we obtain

a]b;2b2b3X3x§l + a1b;2b2b3x§l X7 + (albfzbg + a3)x§l+1 =0.
If x, =0, then x3 =0. If x, = «, then

by babsz + a1by babsz? + (arby2b3 + as)z? 1 =0,

Please cite this article in press as: EN. Castro et al., On systems of linear and diagonal equation of degree pi + 1 over
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where z = x—3 . The polynomial here has the form ax?*! 4 bx? + bx + d, the polynomial consid-

ered in Theorem 1. Here Zel 1% and b% = (a1by 2b2bq)2 # 0 =ad. Corollary 2 implies that the
number of roots of the polynomlal is even and the rest of the proof follows the arguments in the
proof of Theorem 7.

(b) The case (2) in Theorem 4;is similar to case (1) of this theorem.

(c) For case (3), we obtain

alb ~(r'+1 )bp b3xgx2 —i—alb ~(' +l)b2bp x3 xz
—(pi+1 -1 _pi—1 i—1_pi—1
=x2x3a1b1 P+ )b2b3(bp é) +b§ x; )

=0 (11)

So, either x, =0,x3 =0, or bp171x§ + bp ]x§717] = 0. Suppose that x = a # 0. Then,
the number of solutions of bP 1xzp + bp le = 0 with x5 # 0 is the number of roots of
the polynomial 1 + 7'~ over F,r, where z = ;;23 whichisOord = (pf —1,p' = 1) >2
Hence, any solution to (ll) will have the form (0, 0), (0, a), (a,0), (a, ¢), where a # 0 and ¢
is a solution to 1 4 z?'~! = 0. Therefore, the number of solutions of (11) is e1ther 2 pf —1or

2pf +dpf — (d +1). Note that any root of 1 4+ z7” ~! over [, is also a root of 27" =1 — 1 and
therefore is an element in F, NF ;. Divisibility arguments similar to the ones in Theorem 7
imply the desired result.

(d) For case (4), if x =0, then x3 = 0. If x5 = a, then (arb; 2b3 + ax)a? *! + a1b; *bybs x
aP Hlz 4+ ayb *bobsa? 2P + (a1 2h2 + az)a? 2P+ = 0, where z = 2. We divide both
sides by a” ! to obtain again a polynomial p(x) of the form ax?*! 4+ bx4 + bx +d, the polyno-
mial considered in Theorem 1. Since ad = (a1b1_2b2b3)2 + albl_zb%a3 + azalbl_zbg + apasz and
arb;*b3az + araiby 2b? + araz # 0, we have that ad # (a1by *b2b3)? = b?. Again, by Corol-
lary 2, the number of roots of the polynomial p(x) is even, and the rest of the proof follow the
arguments of the proof of Theorem 7. O

Example 1. Using part (1) of Theorem 4 we obtain that the system

x1+x2+x3=4,

alxlp +1 —ap x2 +a xp+ =y, (12)

has at least one solution for every 8, y € IE‘[,f, whenever f #2i,a1,a3,a3 € F[,i, and a3 # —a;y.

Theorem 12. Suppose that ay, az, a3, by, by € Ipr N ]Fpi and f # 2i. Then, the system of poly-
nomial equations

b1x1 + byxy = B,

al)c1 +a x +a xp "+ =y, (13)

has at least one solution for every vy, B € F s if ai (—bzbfl)2 +ay #0and az #0.
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Proof. Again, we will use the same technique used in the proof of Theorem 7. Consider the
system (13) with 8 =y = 0. Then x| = —bzbl_lxz and we want to compute the number of
solutions of

(511(—172191_1)2 +az)x£’i+l +a3x§i+1 =0.

Suppose that a; (—bzbl_l)2 +ap #0.1If xo =0, then x3 = 0. If x =« # 0, then we need to com-

pute the number of solutions of d + a3x§l+1 =0, where d = (a; (—bgbl_l)2 +ap)al' 1 #0. The
polynomial here has the form ax?*! 4 bx9 + bx + d, the polynomial considered in Theorem 1.
Here g =0¢€F,s and b* =0+ azd = ad. Corollary 2 implies that the number of roots is even
and the rest of the proof follow the arguments in the proof of Theorem 7. O
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