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Synopsis
In this paper we study the equilibrium equations for axisymmetric deformations of isotropic circular

plates in tension. We give results on the global multiplicity of solutions and study the stability of the
trivial homogeneous solution for large displacements,

1. Imtroduction

The equilibrium equations for non-linearly elastic circular plates under compres-
sion have been studied in [2] and [13], in which results on the global multiplicity
of solutions are established. In the present paper we study the muitiplicity of
solutions of isotropic circular plates in tension. We employ thie general non-linear
plate theory developed in [2], modified to account for transverse deformations.

The corresponding problem for non-linearly elastic bars in tension has been
studied among others by Antman and Carbone (see [1], [4]) and recently in [14],
which includes a complete stability analysis. The geometry of deformation in this
problem renders the equilibrium equations as an autonomous 2 X 2 system of
equations which is naturally analysed by phase plane techniques. The detailed
qualitative analysis of the solutions obtained in this way allowed Owen in [14] to
show that non-monotone solutions (representing multiple necks) cannot be
minimisers of the total energy in any sense. Crucial in the. analysis of the bars is
the strong ellipticity condition which implies that the stored energy function is
convex in (v, p) (the radial strain and the derivative of the transverse deforma-
tion, respectively; cf. (2.11a)) making the stored energy functional weakly lower
semicontinuous in the appropriate spaces. :

For circular plates in tension, however, the polar singularity at the centre of
the plate makes the equilibrium equations form a 2 X 2 non-autonomous system.
Since the leading differential operators in these equations are of the form
(sy") —y/s and (sy')’ —asy, a>0, (cf. (6.3)), there is no apparent transforma-
tion of the independent variable s which yields an autonomous system. Moreover,
our problem has the additional strain 7, the circumferential elongation, and
although strong ellipticity still implies convexity of the stored energy function in
(v, p), this is not the case in (7, v, p). Thus in this respect our problem is similar
to that studied in [7], in which non-convex stored energy functions for solids
undergoing phase transitions are considered. Despite these difficulties, we are
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able to use the degree theoretic methods in [6, 10, 12, 15-18] to show the
existence of non-trivial solutions to the equilibrium equations (representing
necked states) and to give a global qualitative description of the bifurcating
branches.

The paper is organised as fo]lows In Section 2 we give the boundary value
problem for circular plates in tension which can suffer transverse deformations. In
Section 3 we present the basic bifurcation theory which will be used to study our
boundary value problem. In Section 5 we study the linearised equations and
obtain conditions for the existence of eigenvalues and eigenfunctions. Section 6,
which is the main section of this paper, will be devoted to transforming our
boundary value problem to the form required by the global branching theorem
(Theorem 3.1). In Section 7 we study the stability of the trivial homogeneous
state and in the Appendix (Section 9) we give a derivation of our equatlon from
the three-dimensional theory of non-linear elasticity.

Notation. R denotes the set of real numbers. We let
C [0, 1] = {u: [0, 1]— R |« is continuous in {0, 1], 0=j=k},

[|2; C"[O 1= max max |u(’)(x)|
=k 0=x

We use the riotation
' f(s)~g(s) as s—07,
which means that f{s)/g(s)—1 as s> 0",

2, Formulation of the poverning equations

In this section we give the equations for axisymmetric unbuckled states of
non-linearly elastic plates which can suffer radial, circumferential, and transverse
deformations. The detivation of these equations from. the three-dimensional
theory of non-linear elasticity is given in the Appendix (Section 9).

Consider an axisymmetric deformation of a homogeneous non-linearly elastic
circular plate of radius one which is a pure compression or expansion, i.e. no
bending and no shear. Let (p(s), £(s)) be the radius and half of the height,
respectively, in the deformed configuration of the cylindrical cross-section of
radius s and height 2k in the reference configuration. The strains in this problem
are

w(s) = (2(s), v(s), p(5), £()) = (p(s)/s, p'(s), €'(s), £(s)), @n

where p'(s)=dp(s}/ds, etc. Here t(s) represents the elongation of a circum-
ferential fibre, v(s) accounts for the elongation of a radial fibre, and p(s)
accounts for thickness variations of a mid-cross-section of the plate. The
requirement that the deformation be oricntation preserving leads to the
inequalities

p(s}s, p'(s), e(s) >0, O0=s=1. (2.2a,b,c)

The stresses corresponding to (2.1) are

(T(s), N(s), Bs), Us)). 2.3)
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The classical form of the equilibrium equations (balance of linear and angular
momentum) now yields the following system of equations:

(sN(s)) = T(s), (2.4a)
(sP(s)) =sU(s), 0<s<1. (2.4b)

The requirement that the centre of the plate remains intact during the
deformation is equivalent to

p(0)=0. (2.5)

At's =1 we can impose two types of boundary conditions, namely a displacement
boundary condition,

p()y=4, A=>0, (2.6)
or a dead load boundary condition,
N =y, yeR. 2.7)
On £ we shall consider the boundary conditions
lim sP(s)=0=B(1), (2.8a,b)

which are the natural boundary conditions corresponding to a suitable variational
formulation of (2.4), (2.5), (2.6) or (2.7) (see Appendix). We shall contrast
(2.8b) with the corresponding and more realistic Dirichlet boundary condition on
€ (see Section 8).

That the material of the plate be homogeneously elastic means that there exist
thrice continuously differentiable functions

(0, )2 x R x (0, ) 3 w— T(w), N(w), P-(w),, U(w}, 2.9
such that
T(s) = T(w(s)) = T(p(s)/s, p'(s), £'(5), &(s)), ete. (2.10)

The strong ellipticity condition of three-dimensional elasticity implies that the
constitutive functions T(z, v, p, €), etc., satisfy

(ﬁ: ];:) is positive definite, (2.11a)
T,U. >0, for 7,v,e>0, peR. (2.11b,c)

We impose the further monotonicity condition, which is implied by a plate
theoretic version of the Coleman—Noll condition (see e.g. [20]), that

N Ny ,
(T T ) is positive definite, . {2.11d)

where the arguments of the functions are (7, v, 0, €). This condition guarantees
that solutions with ¢'=0 of our displacement boundary value problem . are
unique.

We impose the physically reasonable conditions that

N, T, U are even in p, (2.12a)
P is odd in p. (2.12b)
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Conditions (2.10), (2.11a), and (2.12b) imply that for classical solutions of our
equations, the boundary conditions (2.8) are equivalent to

lim se’(s) =0=&'(1). (2.13a,b)
s—0t

The condition that the material of the plate be isotropic implies that (see
Appendix):

N(t, v,0,8)=T(v, 1,0, &), (2.14a)
Uz, v, 0, ) =U(v, 7, 0, £). (2.14b)
Finally, we impose the following growth conditions;
N—w as v, (2.15a)
N—>—ow as v—(0, - (2.15b)
T—® as 700 © (2.16a)
T— —w a5 1—0% (2.16b)
P—to as p—> too, (2.17)
U—oo as e—w, (2.18a)
U —» as g—0" (2.18b)

These limits are to hold for fixed values of the remaining variables.

Our (displacement) boundary value problem consists of (2.4), (2.5), (2.6),
(2.10), and (2.13). The solutions must satisfy the inequalities (2.2). The (dead
load) boundary value problem is as above, but using (2.7) instead of (2.6).

3. The global branching theorem

We now give the basic branching theorem of bifurcation theory which we shall
use to study the boundary value problem of Section 2. Most of our effort in this
paper will be devoted to the verification of the hypotheses of this theorem,

Let B be a real Banach space with norm ||-|| and let V be the closure of an open
subset of B that contains the zero vector 0 of B. Constder the equation

u=G(u, A)=L(A)u+ F(u, 1), 3.1)

where G:V X R—B is compact and continuous, L(A): B— B is linear and
compact, L(-) is in C'(R, Lin (B, B)), and F(u, A) = o(||u||} as |ju|]|— 0 uniformly
for A in bounded intervals.

A pair (u, A) satisfying (3.1) is called a solution pair. The trivial branch of
solutions is the set {(0,1) |AeR} of trivial solution pairs. Let S denote the
closure of non-trivial solution pairs in ¥V X R. The lirearisation of (3.1) about the
trivial branch is the equation

v=L(M)v. ' (3.2)

A value of A for which (3.2) has a non-trivial solution is an eigenvalue of (3.2) and
a corresponding solution is a corresponding eigenvector. An eigenvector A of (3.2)
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is simple if
Nuil (I — L(A)) = span {v}, "~ (3.3a)
L'(A)v ¢ Range (I — L(A)), (3.3b)

where I is the identity mapping on B. A general definition of the algebraic
‘multiplicity of an eigenvalue of (3.2) is given in [9, 10, 12].

The basic theorem of this section is the followmg, due to Rabinowitz [16-18]
and Magnus [12].

TueoreM 3.1 (global branching theorem). Let G have the properties listed
above. If u is an eigenvalue of (3.2) with odd algebraic multiplicity, then §
contains a maximal closed connected subset C(u) which contains (0, 1) and has at
least one of the following three properties:

(i) C(u) is unbounded in V X R.
(ii) C(u) contains a point of 3V X R.
(iii) C(u) contains a point of the form (0, p), where [ is another eigenvalue of
(3.2).
Suppose, moreover, that u is simple and that there is a neighbourhood N of (0, x)
and a continuous, increasing function ®: [0, %) — [0, ») with ®(0) =0 such that

IF(x, &) — F(y, It = @(Ix)| + HylD{lix =yl + (x| + {yD [A—n1]  (3.4)

for all (x, &), (v, 1) e N. Let v be the eigenfunction of (3.2) corresponding to u
and let P(u) be the projection of B onto Null (7 — L{u)]. Then there exists a
number & > 0 and continuous functions z: [—&, E]— [I — P(1)]}B and k: [—E, E]—
R with z(0) =0, £(0)=0 such that (e(v+z(g)), p# +k(g)) is a solution pair of
(3.1) for || = & Moreover, there is a neighbourhood N of N such that if (u, A) is
a solution of (3.1) lying in Ny, then either u = 0 or else there is an ¢ € [~&, ] such
that

(u,A)=(e(v+z(e)), u+k(e) O

4, The trivial solution

We look for solutions of the displacement boundary value problem of Section 2
for which &' =0, i.e. € =constant. We take p to be of the form p = As which
clearly satisfies (2.5) and (2.6), and also (2.4a) by the isotropy condition (2.14a).
The condition (2.12b) then reduces (2.4b) to

U(A, 4,0, €)=0. (4.1)

Now conditions (2.11c), (2.18), and a global implicit function theorem imply that
there exists a C' function &: (0, ©)— (0, ») such that
, U(A, 4,0, 8(A))=0. (4.2)
Moreover,
de(\)/dh = —(US+ U UL, (4.3a)
where '
US=U,(4, 4, 0, 2(A)), etc. (4.3b)
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Thus p(s) = As, &(s)} = &(A) is a solution pair for the displacement boundary value
problem of Section 2 and it is easy to check that (2.11d) implies that this is the
only solution with &' =0. ‘

For the dead load boundary value problem the situation is not as “simple” as
above. Taking £’ =0 and looking for ps of the form p = ks, the boundary value
problem (2.4), (2.5), (2.7), and (2.8) reduces (by means of (2.12b) and (2.14a) to

N(k, &, 0, €)=0, (4.4a)
Ulk, k, 0, £) =0. (4.4b)

Solving (4.4b) as above, we obtain & = (k). By putting this in the first equation
we find that '

Q(k, ‘Y) EN(.’C, k, 0, é(k)) —y= 0. . (4 5)
This equation, however, can have multiple solutions if Q(-, ¢) is non-monotone.

One condition which avoids this non-monotonicity is the strengthened version of
(2.11d) given by

N’V N‘l: NE
I, T, T.| ispositive definite, (4.6)
Uv Ur IIE

where the arguments of the functions are (%, v, 0, £). However, we will see in
Section 5 that condition (4.6) implies that there is no bifurcation of non-trivial
solutions from the trivial solution (¢’ = (). Thus we do not require (4.6) but keep
(2.11d}, which gives the uniqueness of trivial solutions for the displacement
boundary value problem and atlows for multiple solutions of (4.5) (when Q(-, y)
is non-monotone). Henceforth; we consider only the displacement boundary
value problem of Section 2.

5. Spectral properties of the linearised equations

We consider here the linearisation of the boundary value problem of Section 2
about the trivial solution of Section 4. By using (2.12) and (2.14) one finds that
the linearised equations are

Ly=(sv') — v/s = ~(NYNS)sw’, (5.1a)
(sw') — (Ue/ Ppsw = (US/Pp)(sv)’, 0<s<1, (5.1b)
w(0)=0=v(1), liI(r)l+ sw'(s)=0=w'(1), . (5.2ab,c,d)

where we used the notation (4.3b). (Note that among the consequences of (2.14)
is that U = U%.) By further differentiations giving a higher order boundary value
problem for w (or v) one can obtain the solution of (5.1), (5.2) in terms of J,, the
Bessel function of the first kind of order p. In fact, if we let

A(2) = (NUS — UZNY)PONS, (5.3)
then (5.1), (5.2) has non-trivial solutions if and only if
AR =&, (5.49)
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where

0<E <E<E <. .. (5.5)

are the positive zeros of J;. Moreover, if A is a solution of (5.4), then (v, w;) is
a corresponding eigenpair of (5.1), (5.2) where

Ui(s) = Ti(A(Ae)3s) = T (&is), | (5.6&)
wi(s) = — (5 NY NDJo(Eus)- (5.6b)

Note that when A(A) <0, equation (5.4) has no solution. This shows that when
condition (4.6) holds, the lincarised problem has no eigenvalues and thus that
there can be no bifurcation from the trivial solution for the boundary value
problem of Section 2.

6. Global existence of bifurcating branches

In this section we recast the boundary value problem of Section 2 in the form
required by the branching theorem of Section 3. The heart of the process rests on
a careful exploitation of the isotropy conditions (2.14) to deal with the singularity
at s =0 of the equations (2.4). ‘

Expanding the derivatives in (2.4) and using (2.11a), we find that

sp" = (aF, — bN,)/A, (6.1a)
sg”"=(bN, —aP,)/A, (6.1b)

where . _
a=T-N—s[(p/s) N, + N.g'], (6.2a)
b=sU—P—s[(p/s)'P.+ P.c'], (6.2b)
A=N,P,—N,P,; (6.2¢)

here the arguments of T, etc., are (p/s, p’, €', €). The linearisation of (6.1)
about the trivial solution (4, 4, 0, (1)) of Section 4 is given by (5.1). Thus we
can write (6.1) as

(sa’) —afs=—-(NYNsw'+F,. | (6.3a)
(s0') = (UY/PYsw = (US/PY(se) + B, (6.3b)
where ‘
a=p—14is, w=¢— &), (6.4a,b)
F = (aP, — bN,)/A —[a/s — o' — (NYN)so'], {6.4c)

- E=(bN, —aP)/A - [(UYP)sw — @ + (UY/P,,)(sa)']. (6.4d)

We let w(s) be as in (2.1). Let .
w*=(p', p/s, 0, &), (6.5a)
w={(p/s, p', 0, €). (6.5b)

Hence using Taylor's Theorem to expand 7, N,, and N, about w* and N about w
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up to terms of order two, and by using (2.12a) and (2.14a) one finds that
a = (L(w*) — T(w") + N;(w*))(p/s — p*)
—SN(WH)e' + Ay(w)(w; — w)(w; — wy)
" where the A;s arc continuous functions of w and repeated indices are summed
from 1 to 3. Similarly, we find that

b =sUW®) +s(U(w*) ~ Uy(w"))(p/s — p')
—F,(w*)e’ + By(w)(w: — wi)(w; — wy), (6.6b)
AT = (B (WN, (W*) '+ Aw)(w, — w/), (6.6¢)
where the Bys and A;s are continuous functions of w. By substituting (6.6) into
(6.4c,d) and using (2.12) and (2.14) to simplify the resulting expressions, one

finds that F; and F, consist of sums of products of continuous functions of w with
quadratic functions of

(6.6a)

o —afs, o sie,stq, sto. {6.7)

From the definitions of @ and @, the boundary conditions (2.5), (2.6), and
(2.13) become

a(0)=0=a(l), (6.8a,b)
3123 sw'(s)=0=w’'(1). (6.9a,b)
We define (i, u,) by )
s2uy(s) = (sa')’ — afs, (6.10a)
shuy(s) = (sw')' — (U PO)sw. (6.10b)

Let g,(s, £) and gu(s, ), respectively, be the Green’s functions corresponding to
the operators to the right of (6.10) subject respectively to the boundary
conditions (6.8) and (6.9). Thus

gi(s, t)= %{ :((: : ;:1;: j z;: (6.11a)
—v'{(a)-1 (rafa)yi(a) — ya)n(a))ylas), s<t,
ga(s, 1) = yi(a) {( as)yi(@) — i@l (as)ydat), £<s, (6.11b)
where
a’=U,/Py, (6.12)
yils) =Jo(is),  yals) = Yo(is), (6.13a,b)

where J, and Y, are the Bessel functions of the first and second kind of order
zero, and i = —1. Note that

n®) ~1, yils)~s/2 as s—07, (6.14a,b)
wls)~logs, yis)~s~! as s—0, (6.14c,d)

We define )
Gu= J gi(s, Dezu(e) dt, (6.15a)

0

' 1 agl’ 1 - :
Giu= f e (s, Dtzu(f)dt, i=1,2. {6.15b)
o ,
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Thus from (6.10), (6.11), and (6.15) we find that

o= Gu,, o =G, (6.16a,b)
w=Gu,, o'=Giu,. (6.17a,b)
Now (6.3), (6.7), (6.10), (6.16), (6.17) imply that
u, = —(NYNs Gyuy + Fy(uy, iy, A), (6.18a)
uy = (US/POY(s™iGu, + 521G iuy) + E(uy, us, A), (6.18b)

where F; and £, are sums of products of continuous functions of s7'G,u,, Glu,,
Gau,, Gyu, with quadratic functions of

a S_*(Giu-l - s_lGlul); S_‘}Géuz; SﬁGiulg SiG1U«1, Siczuz. (6 19)

We now show that the right-hand side of (6.18) defines a compact operator
from C[0, 1] into itself. For this we shall need the following lemma due to Radon
[19].

Lemma 6.1. Let I': [0, 1] X [0, 1] — [, o] be such that T(s, +) is integrable for
each 5 €[0, 1]. Then

1
ueClo, 1]— j T(-, Hu(s) de e C[0, 1] (6.20a)
0
is a compact linear mapping if and only if

1
lim j T(y, ) = T(s, )] dt =0 (6.20b)
y—s g
forallse[0,1]. O
Using this lemma, we can now prove:

ProrosiTioN 6.2. The operators s (G, —s7'Gy), G, s7'Gy, s~3G, G, and
mudtiples of these. with positive powers of s generate compact linear operators from
C[0, 1] into itself. .

Proof. We check only the compactness of s 4G}, The other operators can be
checked similarly. The kernel of this operator is

8 ,
DG, ) =—a§—2(s, f)s~4eh, (6.21a)

The asymptotic estimate (6.14b) implies that T'(0, £) = 0, except for t =0. Thus
from (6.11b) and (6.21a) we find that

lim j 'L, 1)~ T, ) de
L Sl lim {15ie)yi@ - r@yi)ls | ng] b

i [ Iyaayie) - yiama i de). (6.21b)
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The estimates (6.14) give

(alyi(@)(ya(as)yi(a) —yya)yi(as))s *~s"3 as s—0%,
Frtasiamot = vaor

yi(as)s~(a/2)st as s—0%,
(a(at)yi(a) — yx(a)y:(at))t ~logt as ¢—0*.
By using these estimates in (6.21b) we obtain (6.20b) for s = 0.
Now from (6.11b) and (6.21a) we have that for s>0, I'(s, -) is integrable,
[(y, ) I(s, -) as y—s except for =5, and I'(y, ) is uniformly bounded for y
sufficiently close to s. Hence the Lebesque dominated convergence theorem

implies that (6.20b) holds for s > 0. This with the result fof s = 0 and Lemma 6.1
imply that s *G} is compact from C[0, 1] into itself. O

We define
B =0, 1] x C[0, 1], (6.22a)
= closure of those (#,, u;) € B such that (6.4a,b), (6.16), .(6.17) satisfy (2.2),
_ (6.22b)
G (1, u,, A) =right-hand side of (6.18), © (6.23a)
Fluy, up, ) = (K, B), (6.23b)
L(A)(uy, uz) = G(uy, Uz, A) — F(uy, us, A). (6.23¢)

Then we have the following theorem which is the main result of this section.

Tueorem 6.3. Let (2.11), (2.12), and (2.14) hold. Let A be an eigenvalue of
odd algebraic multiplicity with corresponding eigenpair (D, W) of the linearised
problem (5.1), (5.2). Then the boundary value problem (2.4), (2. 5), (2.6), (2. 10)
and (2.13) has a connected set of solutions 6(A) containing (p = Xs, £=&(2), )
that: satisfies (2.2) always and is unbounded in (C'[0, 1})* X R; or contains a point
that violates (2.2); or contains a point of the form (As, &(1), i) where A is another
eigenvalue of (5.1), (5.2).

Proof. Since the displacement boundary value problem of Section 2 is
equivalent to the integral equations (6.18), the result follows from the repre-
sentation (6.19), Proposition 6.2, definitions (6 22) and (6 23), and the global
branching theorem (Theorem 3. 1) o -

7. Stability analysis of the trivial solution

In this section we show that if the material of the plate is hyperelastic, so that
the boundary value problem of Section 2 has a variational formulation, then for
sufficiently large values of A the trivial solution of Section 4 cannot be a local
minimiser (in any sense) of the stored energy functional. Thus according to the

energy criteria for stability, the trivial solution becomes unstable for these values
of A.




Necked states of non-linearly elastic plates 287

If the material of the plate is hyperelastic, then there exists a function
W: (0, )* xR x (0, ©)> R, the stored energy function (see Appendix), such
that

T=W, N=W, P=W, U=W, (7.1)
and the total stored energy of the plate is given by

Ip, £)= j SW(p(s)/s, p'(s), &'(s), (s)) ds. (7.2)

We consider the problem of minimising I over the set ‘
H, ={(p, £) e W"(0, 1) | (2.2) holds almost everywhere.,
p(0) =0, p(1) =1, I(p, £) <) (7.3)

for a given 4>0. (Hence W-'(0, 1) denotes the space of absolutely continuous
functions on [0, 1].)

A necessary condition for (p,, &o) € H, to be a local minimum of I over H, is
that 8%(p,, &) (the second variation of I at (py, £)) be positive semidefinite, i.e.

(po, £0) - (v, W)ZO (7.4)

for all smooth (v, w) with v(0) =0=v(1). Let po=2»As, g,= &(A) be the trivial
solution of Section 4. Hence (p,, &) € H, and from (2.12), (7.1), and (7.2) we
find that

8*(po, &) - (v, w) = fls[(Tg(u/s) + T + Tow)(w/s)

+ (NYv/s) + N’ + Niw)’
+(UYv/s) + U’ + Uw)w + PY(w'Y]ds  (7.5)
where the notation (4.3b) has been used. We try variations of the form
9=Li(Ew), (7.6a)
| = —(ENSINDI(Eas) (cE. (5.6)). (7.6)
Since Ji(§)=0 (see (5.5)) we have that (¥, w) is a variation. A -simple
calculation now shows that _
&%I(pq, £0) - (U, W) = (positive constant) x (£ — A(A)), (7.7)
whe;e A(A) is as in (5.3). Hence from (7.4) and (7.7) we obtain the following
result.

THEOREM 7.1. Let the material of the plate be hyperelastic so that (7.1) holds.
Hence the trivial solution (p,, €,) of Section 4 cannot be a local minimum (m any
sense) of I over H, for those values of A for which

AW>&. O (7.8)

By refining the techniques in [3] so that they apply to hyperelastic materials,
one can show that the problem of minimising (7.2) over (7.3) has a classical
solution belonging to some weighted Sobolev space (the weight is given by the s
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in front of W in (7.2)) characterised by the growth conditions on the stored
energy function W. Thus combining this with Theory 7.1 one finds that for values
of A such that (7.8) holds, the problem. of mlnumsmg (7.2) over (7. 3) has a
non-trivial classical solution.

By combining (5.3} and (7.1) we find that (7.8) is equivalent to

(WS — WL W)/ WL, We, > & (7.9)

Note that this does not necessarily represent a loss of convexity of W. In fact
there is no convexity assumption of W which is only required to satisfy (2.11).
However, as was suggested in Section 4, condition (7.9) implies the loss of
convexity of any antiderivative with respect to k of the function Q(k, y) defined
by (4.5).

8. Conclusions and remarks

The non-trivial solutions whose existence we established in Section 6 can be
interpreted as necked states when the plate is in tension (A >>1), and as bulged or
barrelled states when the plate is in compression (2 <1). These branches of
non-trivial solutions exist as long as (2.2) holds, which in turn depends on the
growth rates in (2.15)—(2.18). If an eigenvalue A is simple with corresponding
eigenpair (@, w), then by Theorem 3.1 the bifurcating branch €(1) inherits the
nodal properties (number of simple zeros in (0, 1)) of (#, W) in a neighbourhood
of (As, €(A), A). This number of simple zeros characterises the necked shape of
the plate in this neighbourhood. A detailed disposition of the bifurcating
branches could be obtained by specifying the growth rates in (2.15)-(2.18).
However, we refrain from doing so, because such extreme behaviour is usually
unobservable and our methods do not require them.

A more realistic boundary condition on £ at s =1 is (after an appropriate
scaling)

e1)=1. (8.1)

This means that the plate is welded at its edge, so that it can suffer no change in
thickness. In this case the trivial solution of Section 4 does not exist. However,
the analysis of Section 6 can be modified to show that our boundary value
problem (with (8.1) instead of (2.13b)) is equivalent to an equation of the form
u=G{u, A) with G compact and continuous. We thus obtain the existence of a
branch of solutions 4 containing (p=s, € =1, A=1) (see [5, 11]).

Our model does not account for dynamic and thermal effects which certainly
would affect the growth and development of necks. The solutions of our problem
do not have the periodic character which is the crucial ingredient to show that
multiple necked states for bars in tension are physically unrealisable under the
energy criteria (see [14]). Hence the question of whether or not multiple necked
states for plates in tension are stable remains unanswered.

The eigenvalues {4,} of the linearised problem of Section 5 are the solutions of
equations (5.3), (5.4) which in general is a non-linear equation in A. The
corresponding eigenfunctions are given by equations (5.6). That these eigen-
values and eigenfunctions are the only possible ones can be seen by constructing

*
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four linearly independent solutions of (5.1) by the method of Frobenius, for
example. An application of (5.2} now yields (5.3) to (5.6). To determine when
these eigenvalues are simple one needs to verify conditions (3.3). From (5.6) one
finds that (3.3a) clearly holds. An elementary but otherwise lengthy computation
now shows that (3.3b) is equivalent to dA(A)/dA#0 at the eigenvalue in
quesfion. Morcover, the disposition of these eigenvalues on the real line depends
on the behaviour of the function A(:). For instance, if A(-) is strictly increasing
and A(A)— = as A—x, then the eigenvalues arc simple and form a sequence
{)’k} with )I,k—>m.

9. Appendix: derivation of the governing equations

In this section we give a derivation of the equilibrium equations of Section 2
from the three-dimensional theory of non-linear elasticity. We perform the
analysis for hyperelastic materials because of its simplicity. A derivation without
this assumption would be similar to the one given in [2] with the deformation p
modified as below (cf. (9.3)) to allow for transverse deformations.

Notation. We'let E> denote the three-dimensional euclidean space whose
elements will be denoted by lower case, bold face symbols. Let a - b denote the
inner product of the vectors a and b. We denote by Lin the (nine-dimensional)
space of linear transformations from [ into itself (second order tensors) whose
elements will be denoted by upper case, bold-face symbols. The value of A € Lin
at weF® will be' denoted by A -u. For a, be E® we define the dyadic product
abeLin by (ab)-e=(b-c)a. We let Lin* = {A eLin | det A >0} where “det”
denotes the determinant.

Let {i, j, k} be an orthonormal basis for E>. Let (s, ¢) be polar coordinates for
the (i, j) plane. We set

e,(¢) = (cos )i + (sin ¢)j, _ (9.1a)
e,(¢) = (—sin )i+ (cos P)j. (9.1b)

The reference configuration of a circular plate of radius one and height 24 is
P = {se,(¢)+zk |s€[0, 1), ¢ €[0, 2x), z € (—h, h)}. (9.2)

Let p(s, ¢, z) be the position in the deformed configuration of the particle of P
with cylindrical coordinates (s, ¢, z). The axisymmetric compressions or expan-
sions of a circular plate that can suffer extension and transverse deformations is
given by -
P, 9, 2) = p(s)e(d) + B(2)(s)k, (9.3)
where # is an odd, strictly increasing differentiable function. (It is reasonable to
take §(z) =z (see {2]).) Thus (p(s), £(s)) is the radius and ratio of deformed to

underformed height, respectively, in the deformed configuration of the cylindrical
cross-section

. C(s)={se\(¢p) +zk | ¢ €[0, 27), z € (—h, h)} 9.4)

in the reference configuration. We set

vis)=p'(s), T(s)=pb)s, pG)=¢'(s), (9-5a,b,c)
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where p'(s) =dp/ds, etc. The strains for our problem with their corresponding
physical interpretations are given by (2.1).

We set
y=se(¢p)+zk, qy)=p(s, ¢, z). (9.6a,b)
The deformation gradient F = 3q/3y is given according to (9.3) by
F=vee, + fipese; + 1e,e, + £fi'eqe;, 9.7

which we require to satisty the orientation preserving condition
detF=tve’ > 0. (9.8)

Since ' >0, we find that (2.2) suffices to ensure (9.8). The (left) Cauchy—Green
strain tensor B =FF takes the form

B =+v’e;e; + vpfi(e.e; + ese;) + T0ee;, + ((pB) + (667))eses. 9.9)

The principal invariants of B are o _
' I(B) = 12 + v+ p2B% + (ef')?, (9.10a)
H(B) = v¥(ef')* + (v* + p*B* + (eB' )77, (9.10b)
HI(B) = v (ef’)> ' (9.10c)

The material of the plate is homogeneous and hyperclastic if there exists a
smooth (stored energy) function ®: Lin* — R such that with F given by (9.7), we
have that

Hp, &) = f O(F) dy 9.11)

represents the total stored energy corresponding to the deformation q. Since P
has the form (9.2), we can define the one-dimensional stored energy function
W(z, v, p, £) by

LIt 4 .
W(z,v,p, &)= I O(F)de dz. (9.12)
—h 70 E
Thus combining (9.11) and (9.12) we obtain (7.2) and with the definitions (7.1)
one easily finds that (2.4), (2.10) are just the Euler—Lagrange equations for (7.2)

and that (2.8) are the corresponding natural boundary conditions.
We define the fourth order elasticity tensor by '

A(F) = ®/5F°. (9.13)

We require that ® satisfy the sirong ellipticity condition
ab: A(F):ab>0 V(a,b)#(0,0). 9.14)

Now (7.1), (9.7), (9.12), and (9.13) imply that
a’N, +ab(N, + P,) + b°F,

= J‘h fzsr (ae, + bBes)e;: A(F): (ae; + bPey)e, dpdz  (9.15)
—h -0 ]

for all @, b e R Condition (9.14) now implies that (2.11a) holds. Similarly one
obtains (2.11b,c).

&

4]
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If, m addition to the hyperelasticity condition (9.11), the material of the plate is
isotropic, then (see [8]) there exists a smooth function g(-, -, -) such that

O(F) = g(I(B), 1(B), [I(B)) (9.16)

where the [s are the principal invariants of B = FF'. By using (9.10), (9.12), and
(9.16) one can easily verify that (2.12) and (2.14) hold.
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