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Summary. In this paper we describe and analyse a numerical method that detects
singular minimizers and avoids the Lavrentiev phenomenon for three dimension-
al problems in nonlinear elasticity. This method extends to three dimensions
the corresponding one dimensional method of Ball and Knowles.

Subject classification: AMS(MOS): 65N30; CR: G 1.8.

1 Introduction

The fundamental problem of the calculus of variations in three dimensions can
be informally described as: minimize the integral

(1.1) Iw)= [ f(x, u(x), Vu(x) dx
Q

where Q<R3 and u: 2 —» IR? belongs to an appropriate class of admissible func-
tions A. (Here Vu denotes the matrix of first partial derivatives of u.) We say
that the integrand f(x, u, z) is regular if fe C? and

(1.2) Jaia (6 ,2) (A >0 YV, 2R3\ {0}

Minimizers of (1.1) satisfying (1.2) may be singular in the sense that they may

be discontinuous or have unbounded derivatives at certain points. These mini-
mizers typically do not satisfy the weak form of the Euler-Langrange equations

(L.3) [ [futie+ fud']dx=0 VveC(Q)
o]

where v=(v', v, v®). For these problems one usually has the following:
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i) The Lavrentiev phenomenon [19, 12]:

(1.4) inf  I(u)>infI(u)
A

ANnWl.o(0)
i) If {u;} c W"*(Q), u;— u* a.e., u* the minimizer of (1.1), then
(L.5) I(u)—>c0as j—oo.

Examples of one dimensional singular minimizers are given in [9, 10, 14] and
in higher dimensions in [15, 17, 20, 6, 22-24, 7]. In all these higher dimensional
examples the singular minimizer u* is discontinuous. Examples with u* continu-
ous and Vu* unbounded are not known. These singular minimizers would be
important as a model for the initiation of fracture or dislocation.

Properties (1.4) and (1.5) suggest that the usual finite element methods will
fail both to approximate u* and I(u*). Of course if one knows in advance the
location and order of the singularity of u* one can in principle adjust the basis
functions to reflect this behaviour and in general one would get convergence
to both u* and I(u*). However such information about u* is usually unavailable.
In [8] a method based on a decoupling of the function u from its gradient
is used to circumvent the Lavrentiev phenomenon and to detect one dimensional
singular minimizers. We present here a generalization of this technique for the
higher dimensional problem (1.1) in the context of nonlinear elasticity. Also
motivated by the results in [13,26] we give conditions that guarantee that
the minimizers are 1 —1 a.e. (cf. (3.9)).

Notation. We let M3*3 denote the space of real 3 x3 matrices and M3"3
={FeM?3"3: det F>0}. For FeM**3 we let ad jFeM**3 be the transpose
matrix of the cofactors of F. For FeM3*3 we take |F| to be the euclidean
norm of F thought as a vector in R®. W*F(Q) denotes the Sobolev space of
functions ue LF (Q) with distributional derivatives up to order k which also belong
to L (Q) (see [1]).

2 Some definitions and basic results

Consider an elastic body which in a reference configuration occupies the
bounded domain 2 <R3 where the boundary 92 is assumed sufficiently smooth.
An orientation preserving deformation of the body is a mapping u: 2 - R3 such
that

(2.1) det Vu(x)>0 a.e. in Q.

Let f: @xM3**>R and y: @xRR3->R be continuous functions. Our basic
functional is given by

2.2) I@)= [ (f(x, Vu(x)) +¢(x, u(x)) dx
Q

where u belongs to some suitable class of functions satisfying (2.1). (In (2.2)
f and y represent the mechanical stored energy and body force potential func-
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tions respectively.) Following [3, 4] we make the following assumptions on f
and y:
(E1) fis polyconvex, i.e., there exists g continuous such that

f(x,F)=g(x,F,adj F,detF) VxeQ, FeM3*3,

where g(x,*,*,*): M3*3 x M3*3 x (0, o) > R is convex.
(E2) There exist K>0, C,p=2, q=p/(p—1), r>1 such that

g(x,F,G,0)2C+K(FI"+|H|"+)

for all xeQ and (F, H, §)e M3*3 x M3*3 x (0, o).
(E3) g(x, F, H, 8)—> 0 as (F, H, ) > 0(M3>3 x M3*3 x (0, o0)).
(E4) There exist b>0, y, ae L' () such that

lY(x,u)|<a(x)+blul’ VxeQ, uelR?

where 1<y<3p/3—p)ifp<3andy=1if p=3.
Let #eLf(0,) where 0Q,<dQ and meas(dQ,)>0. Our basic problem is
to minimize (2.2) over the set
(2.3) A={ueW'?(Q): adj Vue L#(Q),det Vue L' (Q),
det VU >0 a.e., ulyy, =1}.

We close this section with some results concerning the weak continuity of
the “adj” and “det” functions. Recall that if Fe M3*3, then

(24a) (adj F)u=1/2 ¢ eaﬂyF}ﬁ F,,
(2.4b) det F=1/6¢;;, 6" F,F3 .

Note that if FeL?(), then adj FeL'(Q); if FeL?(Q) and adj FeL?*(Q), then
det FeL!'(©). By using and identity for adj Vu and det Vu in divergence form,
Ball [3, 4] proved the following:

Proposition 2.1

a) Let p=2. If uy—u in WP (Q), then adj Vu, — adj Vu in the sense of distri-
butions.

b) Let p=2 and q=p/(p—1). If u—u in W**(Q) and adj Vu,—adj Vu in
L(Q), then det Vu, — det Vu in the sense of distributions. []

As a consequence of this proposition one gets the following existence theorem
for our basic problem (see [3, 4]).

Theorem 2.2. Let (E1)—(E4) hold and assume that A as given by (2.3) is nonempty.
Then the functional (2.2) attains a minimumon A. []

] Further results on the smoothness of the minimizers of this theorem are
given in [25].
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3 The decoupled and discretized problems

Following [8] we define the decoupled functional I(u, v) by
(3.1) I(u,v)= § (f (x, v(x))+ ¢ (x, u(x)) dx
2]

where f and ¢ are as in Sect. 2. We let

(3:2a) A={ueW'P(Q):adj VueI#(Q), det Vue L' (Q), u|,o, =i},
(3.2b) B={veL®(Q): adj ve L*(Q), det ve L' (Q),det v>0 a.e.}.
The decoupled problem is to minimize (3.1) over 4 x B subject to

(3.3a) [ IPu(x)—v(x)|F dx<e,
(2]

(3.3b) { ladj Vu(x)—adj v(x)|*dx ¢,

Q

where ¢>0 is given. The idea here is of course that as ¢\O we should get
the basic problem of Sect. 2.

We introduce now a discretization of the decoupled problem. Let 4 be as
A in (3.2a) but without the boundary condition |, =u. Let S* and B* be
finite dimensional subsets of 4 and B respectively. Let i, Trace(S*) be such
that i,—a in LF(0RQ,). We set

(3.4) Ah= {uESh: u'agl =ﬁh}'

Remark. Note that we do not require that det Fu>0 a.e. for ue A*. This is because
we want to be able to approximate any ucA by elements in 4" (see (B1) below)
and there is some danger that the approximations u, need not satisfy the positi-
vity of the determinant (see [5]).

We assume that

(B1) VueA 3{u,}, u,e A" such that

lim [ |Vu,—Vulf dx=0,
k=0

lim { |adj Vu,—adj Vu|?dx=0.
h=0q

(B2) VveL*(Q) such that det v=c>0 for some constant c, there exists {v,},
v,€B", such that

|vp(x)| =K ae. in Q Vh,
detv,(x)=cC a.e. in Q Vh,

w(x)-v(x)ae. in Q as h-0,

for some constants ¢>0 and K.
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The discretized decoupled problem is to minimize (3.1) over A" x B" subject
to (3.3). Let I} be the minimum of this problem which exists by the growth
condition (E2). Since this is a finite dimensional problem, there exists
(4, vi)e A" x B" such that

(3.5) I= min I(u,v)=1I(uj, v}).

Ahx Bh

We now can prove the following extension of the corresponding results in [8]
and [13].

Theorem 3.1. Assume that (E1)-(E4) and (B1)-(B2) hold. Suppose there exists
u,€A such that I(u)<oo. Hence there exists a nondecreasing function y: (0, 00)
—(0, o0) such that

(3.6) lim I:=infI(u).
h,e—=0 A
O<h<y(e)

Let h;—0, &;—0, 0<h;<y(e; and let (uj/, v}}) be a minimizing pair for I(u, v)

in A" x B" subject to (3.3) with e=¢;. Then there exists a subsequence (h,, &,)
of (h;, ¢;) and a minimizer u* of I(u) over A such that as u— oo

(3.7a) uje —>u* in LF(Q),
(3.7b) Vi —~Vu* in IF(Q),
(3.7¢) adj viz=—adj Vu*  in LY(Q),
(3.7d) detviz—det Vu*  in L'(Q).

Moreover if p>3 and one includes in (2.3) and (3.2a) the additional constraint
that

(3.8) [ detVudx<volu(Q), (cf. [13]),
Q2

then the minimizer u* is injective almost everywhere, i.e.

(3.9) card(u*)"!(x)=1 foralmost all x'eu*(Q).

Proof. Let ¢>0 be given. There exists de A such that

(3.10) I(a)<ixAlfI(u)+s<oo.

From (E1) and (E2) it follows that given FeM3*? there exists M such that
if [v|=M or 0<det v<1/M, then

(3.11) S,V f(x,F) Vxef

Define

(3.12)

\_{F if |PA()|26 or detVa(x)<1/5,
valx)= Va(x) otherwise.
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Note that v;e L*(Q) and det vy=c>0 for some constant ¢ depending on 4.
From (3.11) and (3.12) we have that if 6 > M, then

(3.13) I1(4, v)) < I(4).
Also
(3.14a) fIVa—vs|Pdx=[|Va—F|"dx,
Q D
(3.14b) [ ladj Va—adjvs|*dx = [ |adj Vii—adj F|*dx,
Q D

where D={x: |V1(x)| 2 or det V1i(x)<1/5}. Since Vie L (Q) and adj Ve [(Q)
and meas D —0 as d »oo0 (by (E2), (E3), and I(4) < o0), then for ¢ sufficiently
large

(3.15a) 2071 [ |Pa—v, [P dx<e/2,
(o]
(3.15b) 2971 [ |adj Pa—adj vyt dx <&/2.
2

From (B1) and (B2) we get that there exist u,e A", v,e B" such that

(3.16a,b) | |Vu,—VaPdx, | |adjVu,—adjVafidx—0 as h—0,
Q2

Q
(3.16¢) v, — Vs a.€. in Q as h—0,
(3.16d) [vi(x)| =K ae. in Q Vh,
(3.16¢) detv,(x)=c>0ae. inQ Vh.

With ¢c=27""! we have that

(3.17) [ IPuy—vlPdx=c [ |Va—vs|Pdx+c? [ |Vu,—VaPdx
Q2 o] o]

+c3 [ |v—vslPdx
a

with a similar inequality for the adjoints.
Since Vu,— Vi in [P(Q) and uy |y, =,—u in [P(0Q,), we get that u,— 1
in LP(Q). Moreover from the imbedding theorems we get that
(3.18) u,—u in L’(Q) (cf. (E4)).
From (E4) we get that

D®)3u— [ y(x,u(x)dx
2
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is bounded and continuous (see [18]). Hence (3.18) implies that

(3.19) Jv(x, u(x)dx— [ Y(x,4(x))dx as h—>0.
Q (o]

From (3.16c¢, d, e) and the bounded convergence theorem, we get that

(3.20) [ fx,v(x)dx— [ f(x,vs(x))dx as h—0.
Q Q

Thus from (3.19) and (3.20) we get that
(3.21) I(uy,v)—>I(h,v;) as h—0.

From (3.15)—(3.17) and the corresponding inequality for the adjoints, and (3.21)
we get that there exists y(¢)e(0, co) such that

(3.22a) I(up, vi) S1(8, v5) +e¢,
(3.22b,¢) [ |Vu,—vIPdx, | |adjVu,—adjv,|?dx<e, Vh<y(e).
Q Q

Thus (3.10), (3.13) and (3.22) imply that
(3.23) L=<infl(w)+2e VYh<y(e)
A

Let hj, ¢;—0 with 0<h;<y(e;)) and set u;=uyl, v;=vy where Iyj=1(u;, v)).
Now (E2) and (3.23) imply that for a subsequence {v,‘} of {v;} we have that

(3.24a) v,—v* in LP(Q)
(3.24b) adjv,—~H* in [}(Q),
(3.24¢) detv,—~d* in L'(Q)

Let z,=Vu,—v,. Since ¢, — 0, the constraint (3.3a) imply that
(3.25) z,—»0 in L7(),

and thus from (3.24a) that Vu,—v* in L*(Q). Since {Vu,} is bounded in L*(Q)
and {u,} is bounded in LP(0€,), and meas (0Q,)>0, then {u,} is bounded in
WP (Q) (see [21]). Thus there exists u*e W-F(Q) such that v* =V u* and (going
to a subsequence if necessary)

(3.26a) u, > u* in LP(Q),
(3.26b) Vu,~Vu* in LF(Q).

Now the constraint (3.3b) and (3.24b) imply that adj Vu,—~H* in L*(£2). This
together with (3.26) and part (a) of Proposition (2.1) imply that

(3.27) H*=adjVu* ae.
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Thus
(3.28) adjVu,—adjVu* in LY(Q).

Using the definition (2.4b) one readily gets that

(3.29a) detv,=detVu,+d,,

where by (3.25), (3.26b), (3.3b), and (3.28) we get that

(3:29b) d,—»0 in L'(Q).

Thus (3.24¢), (3.26), (3.28), (3.29), and part (b) of Proposition (2.1) imply that
(3.20) 6*=det Vu* a.e.

We have shown that for some u*e W!-F(Q),

(3.31a) v,—~Vu* in IF(Q),

(3.31b) adjv,—adj Fu* in L1(Q),

(3.31¢) detv,—det Vu* in L'(Q).

Now (3.26), (3.31), (E1), and standard weak lower semicontinuity theorems (see
[16]) imply that

(3.32) Iw*)<liminf I(u,, v,).
In

Since by (3.23) the right side of (3.32) is finite, we get from (E 3) that
(3.33) det Vu*>0a.e.
Also since Trace (u,) =i, —~# in IF(6Q,), we get from (3.26) that
(3.34) u*|p0, =4
Thus u*eA and we get from (3.23) and (3.32) that
I(u*)=infI(u)=lim I}~

A u-0
Since the sequence h;, ¢;—0, 0 <h;<y(e)) is arbitrary, we get that (3.6) holds.

If p>3 and (2.3) and (3.2a) include (3.8), then the above proof goes through
up to (3.34). One must still show that u* satisfies (3.8). The proof of this is
similar to that in [13] (Theorem 5) and thus we just sketch it. Since u,—u*
in W*(Q), p> 3, by the compact imbedding theorems we get that u, —u* uni-

formly (taking a subsequence if necessary). Hence given ¢>0, there exists an
open set 6, such that

(3.35a) w (@), w6,V p2po,
(3.35b) vol(6,\u* (@) <e.
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Moreover (3.26) and p> 3 imply that (see [4])
(3.36) det Vu,—~det Vu* in L[P3(Q).
Thus since u, satisfies (3.8) we get from (3.35) and (3.36) that

| det Vu*dx<volu*(2)+e
Q

which gives that u* satisfies (3.8) because ¢ is arbitrary. That u* is injective
a.e. follows from (3.33) and (3.8) (see [13]). [

Essentially this is the best theorem we can get because of the lack of better
sequential weak lower semicontinuity theorems (that would yield (3.32)) capable
of handling the singular behaviour in (E 3). Unfortunetely this theorem cannot
handle cavitation because such singular minimizers do not belong to the set
A defined by (2.3) (see [6]). It is not clear whether condition (B1) holds for
all p=2 and g=p/(p—1) but it can be easily checked if 2q<p say. Extensions
of the first part of Theorem (3.1) (not including (3.8)) to the case p=1 and
n=3 can be done as in [2, 3, 11] by introducing the generalized “Adj” and
“Det” functions. The injectivity almost everywhere under condition (3.8) can
also be obtained under the weaker hypothesis p>2 (see [26]).
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