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1. Introduction
We will study problems of the following general form:

G(u,A)=0 , G:BxR—>B (1.2)
where B is some Banach space. An example of thistype of problem are the equations
describing the deformations (in-extensible and obeying Hook’ s Law) fixed on the ends
(see Antman (1980)):

0’(s)+AsinB(s)=0 , O<s<l (1.2a)
6(0) =0=06(2) (1.2b,c)

In this case one can use Green’ s functions to show that (1.2) is equivalent to (1.1) where
G an integral operator and B = C[0,]] .

Usually to solve (1.1) numerically, after some appropriate discretization (e.g., afinite
deference approximation in (1.2)), one obtains the following special case of (1.1):

Fx,A)=0 , FIR"XR->R" (1.3

i.e.,, B=R". Inthis paper we study conditions for the existence of solution curves x(\)
of (1.3) and when they cease to exist, and describe limit and bifurcation points.

2. Regular Points
A point (x,,A,) isaregular point of Fin (1.3) if
F(Xg:Ao)=0 , detD F(Xy,A,) %0 (2.1)

Under these conditions the Implicit Function Theorem implies that there exists 6 > 0 and
asmooth function x: (A, — 8,1, +8) — R" such that



F(X(M),A)=0 , Ae (Ay—8,A,+9) (2.2a)
X(Ao) =X, (2.2b)
D, F(x(A),A)x’(A) + D, F(x(A),A) =0 (2.2¢)

Thusin a neighborhood of aregular point, the solutions of (1.3) consist of smooth curves
parameterized by A . The equation (2.2c) can be used to compute X(-) numerically. In

particular, if we know Xx(t,) where t, e (A, —9,A, +d), then we can approximate
X(t, +h) where t, +he (A, — 8,1, + 8) using the following iterations:

DxF(X(to)’ to)X’(to) + DxF(X(to), to) =0 (2-33)
xO(t, +h) = x(t,) + hx'(t,) (2.3b)

D, F(x™ (t, + ), t, + h)(x“?(t, + h) —=x® (t, + h)) (330
+F(x®(t,+h),t,+h)=0 , k=012,... '
That is, we use (2.2c) to make aprediction of x(t,+h) by Euler’s Method (2.3a,b) and

then we correct using Newton's Method on the x variables only applied to (1.3) in
equation (3.3c). (See Figure 1). This method is effective aslong as A can be used as the
continuation parameter in (1.3), i.e., whenever (2.1) is satisfied (see Rheinboldt (1986)).
We now study the case when (2.1) is not satisfied.

Figure 1: Schematic diagram of a predictor-corrector continuation method.
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3. Singular Points

In this section we used the so called Liapunov-Schmidt method to reduce problem (1.3) to
asingle equation in two variables when (2.1) is not satisfied.

We say that the point (X,,A,) isa(simple) singular point of F if
F(Xg,Ay)=0 , detD F(X,,A,)=0 (3.1ab)
rank D, F(X,,A,) =n-1 (3.1c)

Henceforth we employ the notation D,F° = D,F(x,,,) , etc.. From (3.3c) it follows that
there exists aunique (up to aminus sign) ¢e R" such that

ker D,F° =spanf0} , [¢]=1 (32)
Also there exists aunique ¢ € R" such that
ker (D,F)' =span{¢'} , (¢',¢)=1 (3:3ab)

since rank D F° = rank (D, F°)". (Wewill show below that indeed ¢ can be chosen to
satisfy (3.3b)). By the Fredholm Alternative Theorem we have that

R(D,F°) = (ker (D,F°)")* ={xe R" (¢ ,x) =0} (3.4)
where R(A) ={Ax:xe R"} istherange of A. We also have that

R" =ker (D .F°)®R(D,F°) ={ad+V:{(d,v)=0} (3.5)
Thisfollowsform dimker(D,F°) =1, dimR(D, F°) = n—1 and the following Lemma.
Lemma (3.1): (kerD,F°) nR(D,F°) ={0}
Proof: It is enough to show that ¢¢ R(D F°). Let A =D, F° and assumethat e R(A).
Hence there exists z# 0 suchthat Az=¢ . Notethat zand ¢ must linearly independent
becauseif a,z+a,p =0, then 0=A(a,z+a,0) =a,Az+a,Ad =aAz=ad, which

impliesthat a, = 0. But then a,0 =0, whichimplies a, =0. Now define

X=span{u:Ip>15APu=0,A""u=0}



Notethat AX < X becauseif ue X, then APu=0, A*"u =0 for some p>1. Let

w =Au.If w=0, then Aue X . Ontheother hand if w % 0, since A’w =0, there
must beanr, 1<r <p suchthat A'w=0,A"'w 20, i.e, we X.Noteaso that if

Au=)u with ue X, wemust havethat A=0,i.e, A|X has zero asits only eigenvalue.

Since A =0 isasimple eigenvalue of A (by (3.1)), then the characteristic polynomial of
A restricted to X must be p(A) = £A . It followsthat dimX =1. But zand ¢ both belong

to X and are linearly independent. Thus we have a contradictionto ¢ R(A). //

Thislemmaimpliesthat ¢* can always be chosen such that (3.3b) is satisfied. In fact if

(6" ,0) =0, then ¢ would haveto belongto R(A) of the lemmaand we saw that thisis
impossible.

Since (ker D, F°) " R(D, F°) ={(} , we have that

L= DXF0|R(DXF°) is nonsingular (3.6)

If (x,A) isasolution of (1.3) we can write
A=Ay+e , €€eR (3.79)
X=X,+ad+Vv , oeR,ve R(D,F°) (3.7b)

We now define the projection Q:R" — R(D,F°) by

Q(ad +Vv) =V (3.8)

It follows now that (1.3) is equivalent to

(0, €, V) = QF(X, + 0 + V, A, +€) =0 (3.99)
(I-Q)F(X, +0d+V,Ay,+€)=0 (3.9b)

Note that
®(000 =0 , D,®(0,00)=QD F° =L (3.10a,b)

Since L isnonsingular, we can invoke the Implicit Function Theorem to get that there
exist o,y,€, >0, afunction v:[-o,,,0,]%[~€,,£,] = R(D,F°) such that

D(o,e,v(a,€)) =0 , (o,€)e[—0,,0]%X[—€0,€0] (3.11a)



v(0,0)=0 (3.11b)
Since | —Q projects onto ker D, F° = span{¢} , equation (3.9b) reduces to
f(0,€) =(0 ,F(X, + 0+ V(o,g),A, +€)) =0 (3.12)

which is called the bifurcation equation. The process just described to reduce (1.3) to
(3.12) is called the Liapunov-Schmidt method.

Note that in (3.12) we have that

f(0,00=0 (3.133)
a_f:<¢*,Dx|:(¢+a_V)> , a_f:<¢*,DxFa—V+DLF> (3.13b,c)
Jo oo o€ oe

o°f \ ov ov 9%V

—(¢",D.F gy “Y+DE 3.13d

aaz <¢ XX (q) + aa)(q) + aa) + X aa2> ( )

o°f ) ov ov 9%v
=(¢',(D F—+D,F —)+D,F 3.13
dode @ o€ +D.Ro+ aoc) " aocae> (313¢)
o°f \ ov ov 9%v
8_2:<¢ ,(DXXFng DXxF)ngDXFFJr D,, P (3.13f)
From (3.9a) we get that
QDXF(¢+8_V) =0 , QDXFa—V+QDxF:O (3.14ab)
Jo oe

If weset (o,€) = (0,0) in (3.14) and use that D F°p =0, and that QD F° isnonsingular,
we get that

v (00 =0 , N (0,0)=-L"'QD,F° (3.15a,b)
oo o€
Now since (¢ ,D,F°z) =0 for any ze R", it follows from (3.15) that (3.13b-f) reduce to

i(o,O)zo , ﬂ(O,O):(q)*,DxFO) (3.16a,b)
Jo oe
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In the specia casein which
FOA) =0 , Ae®R

we get that dv/de (0,0) = 0 and the following further simplifications:

of o
—(0,00=0 , —(0,0=0
ae( ) 882( )

L
ﬁ(O,O) =(0 D F®

4. Regular Limit Points

We assume that (¢ ,D,F°) # 0, i.e., that

D,F°e R(D,F°)

(3.16¢)

(3.160)

(3.16e)

(3.17)

(3.18a,b)

(3.18¢)

(4.1)

It follows now from (3.13a), (3.16a,b) and the Implicit Function Theorem that there

exists a, < o, and afunction €:[-0,, a,] & R such that
f(o,€(@)=0 , |of<a
€(0)=0
Combining (3.11), (4.1) and (3.7) we get that

(X + 0 + V(o (), Ao +E() , |of<T,

(4.29)

(4.2b)

(4.3)

represents a curve of solutions to (1.3) parameterized by o. If we differentiate (4.2a)

twice with respect to o, we get that



o (o, €(0)) + €'(ox) ot (o, €(a)) =0 (4.49)
Ja 0e

2¢ _ _, o°f _
aaZ (a, 8(a‘)) + 28 (U“) aﬁaOﬁ (a, 8(za‘)) + (44b)
e7(0) 2 (o (o)) + /(09> L (o (o)) = 0
oe o€

It follows now from (3.16) and (4.1) that

(0", F00) 45a0)

€(0=0 , (0)=-"-1
(0 e’(0) o .D,F)

When €”(0) >0 or €”(0) < 0 the point (x,,A,) iscaledaregular limit point of (1.3)
with respect to the variable A . These cases areillustrated in Figure 2 below. The case
£”(0) = 0 requires higher order termsin the Taylor expansion of €(-) to determine the

shape of the solution curve nearby (X,,A,) .

Figure 2: Shape of the solution curve of (1.3) near aregular limit point.
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The results of this section are not surprising since conditions (3.1c) and (4.1) imply that
DF° = (D, F°,D, F°) hasfull rank. Thus the case discussed in this sectionisasin

Section 2 but using a component of (x,A) different from A asthe continuation
parameter.

Numerically limit points are computed by a procedure similar to the one used for regular
points. Equation (1.3) is augmented with another equation of the following form
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2 2
(d_] (%] -1 (46)
ds ds
where “s’ isthe arc length parameter for the solution curve. Some variants of (4.6) based

on an approximate arc length are used. If we differentiate F(x(s),A(s)) =0 with respect
to“s’, we get that

D, F(x(s),M(9)) % + DKF% (x(s),AM(s)) =0 4.7)

Now (4.6), (4.7) can be used to compute (dx/ds,dA/ds) which can be used in the
predictor step, etc.. A more convenient selection than (4.6) is

Z—X(so>‘<x<s)—x(so»+%(so>(x(s>—Mso» “s-s, 4.8)
S ds

where x, =x(s,) and A, =A(S,) . One can show that (4.6), (4.7) or (4.7) and the
derivative with respect to “s” of (4.8) have a unique solution in the cases of regular points
or limit points. (See Keller (1977), Rheinboldt (1986)).

5. Simple Bifurcation Points

Suppose now that (¢ ,D,F°) =0, i.e,

D,F’ e R(D,F°) (5.1)

It follows from (3.13a) and (3.16a,b) that
100 =200 =" 00=0 (5.2)
Jo o€

We will show that in this case (x,,A,) isabifurcation point of (1.3),i.e,,ina
neighborhood of (x,,A,) the solutions of (1.3) can be described by two smooth curves
intersecting at (X,,A,) .

Suppose (ou(t),e(t)) isasolution curve of (3.12) such that o(0) =&(0) =0. If we
differentiate twice f (au(t),e(t)) = 0, we get that

g—f(a(t),e(t»oc'(t) + ity ety =0 (5.3a)
o oe



2 (5.30)
o (t) ;’—f (o), () +£7(t) O (ou(t), (1) + £'(1)2 O (au(t).e(t)) = O
o oe o€

It follows from (5.2) that at t =0 (5.3d) issatisfied for any (a’(0),€’(0)) and eguation
(5.3b) reducesto

T 0000 + 260000 2 0007 L

~(00)=0 (5.4)

In general this quadratic equation has two linearly independent solutions that represent
possible tangentsat (0,0) of solution curves of (3.12). We assume that

9% 0% 92
(aaae(o’o)) -7 2(00) ~(0,0)>0 (5.5)

Thisis called the transversality condition and as we will show it guarantees bifurcation
from (X,,A,) . If 0%f/00.%(0,0) # 0, equation (5.4) can be written as

aafz (00)['(0) — M, (0)][x'(0) — m,&’(0)] = O (5.6)

where m,, m, aretheroots of the quadratic

A’m?+2B°m+C° =0 (5.74)
where
o%f o%f o%f
Al = 00 , B°= 00 , C°=—(00 5.7b
aocz( ) o0 ——(0,0) e (0,0) (5.7b)

Note that (5.5) impliesthat m,, m, arerea and different. Moreover since
do/de (0) = do/dt (0) / de/dt (0) , we get from (5.6) that
& 0) = m,, m, (58)
de
Hence o(e) = m.e+0(g), i =1, 2. Isreasonable then to look for afunction w(e) such
that ou(e) =ew(e), w(0)=m., i =1, 2. We now show that such afunction exists. Define



}f(ew,e) , €20
€

G(w,e) = (5.9)

1(A°w?+2B°w+C° , €=0

One can show now that Ge C'. Notethat G(w,e) =0, € 0 if and only if f(ew,€) = 0.
Also

G(m,,00=0 , i=12 (5.10)
and
a_G(mi 0) = lim G(m, +h,0)-G(m,,0)
ow h—0 h
: 1 0 2 0
= L'LQ%(A (m, +h)*+2B"(m, +h)) (5.11)

=A’m, +B°
:i [(BO)Z_AOCO

which isnonzero for i =1, 2 by (5.5) and (5.7b). It follows now from the Implicit
Function Theorem that there exist €, > 0 and functions w, :[—€,,€,] & R, i =1, 2 such
that

G(w,(e).e) =0 , [e|<¢g, (5.12a)
w,0)=m, , i=12 (5.12b)
It follows then that
f(o;(e).e)=0 , lgf<g, (5.13a)
o () =ew;(e) ., w(©Q=m , i=12 (5.13b)

Schematically the situation isasin Figure 2. A similar analysis can be done for the case
0% /00?(0,0) = 0. From (3.7), (3..11), and (5.13) it follows that the solution curves of
(1.3) are given by

(Xo +eW, (€)0+ V(ew, (e),€), Ao +€) , le[<e, , =12 (5.14)
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Figure 2: Schematic situation near a simple bifurcation point.

The numerical computation of the solution curves (5.14) isusually asfollows. Typicaly,
oneis computing one of the two curves, called the primary curve, and the points of
bifurcation of the second curve are detected using the function

g(x,A) =detD, F(x,\) (5.15)

More specificaly, if (x(g),A(€)) denotesthe primary curve and (x(0),A(0)) = (x",X) is
asimple bifurcation point, then

h(e) = g(x(e), A(e)) (5.16)

changessignat € =0. In thisabifurcation point can be detected and can be further
computed using aroot finding algorithm applied to (5.16) (see Kubicek and Marek
(1983)). We can use now equations (5.7), (5.8) to compute the tangent of the bifurcating
curveat (x',X). Thistangent can be use now in the predictor part of the continuation
method which could then continue following the bifurcating curve. This general scheme
requires second derivative of f in (3.12) which in turn requires second derivatives of the
function F in (1.3). Usually F comes from a discretization of a problem like (1.1) (e.g.
(1.2)) which makes the dimension nin (1.3) large thus making the computation of
derivatives of F an expensive computational task. Other algorithms are based on
perturbation methods or difference quotients to approximate derivatives of F. (See Keller
(2977), Keller and Langford (1972), and Rheinboldt (1978)).

11



References

[1]

[2]
[3]
[4]
[5]
[6]
[7]
[8]

Antman, S.S., Geometric Aspects of Global Bifurcation in Nonlinear Elasticity,
Geometric Methods of Mathematical Physics, Lecture Notes in Mathematics
#7175, Springer Verlag, N.Y ., 1980.

loos, G. and Joseph, D.D., Elementary Stability and Bifurcation Theory, Springer
Verlag, N.Y ., 1980.

Keller, H.B., Numerical Solution of Bifurcation and Nonlinear Eigenvalue
Problems, Applications of Bifurcation Theory, Academic Press, 1977.

Keller, H.B. and Langford, W.F., Iterations, Perturbations, and Multiplicities for
Nonlinear Bifurcation Problems, Arch. Rat. Mech. Anal., 48, 83-108, 1972.
Kubicek, M. and Marek, M., Computational Methods in Bifurcation Theory and
Dissipative Structures, Springer Verlag, N.Y ., 1983.

Nirenberg, L., Topicsin Nonlinear Functional Analysis, Courant Institute of
Math. Sc., N.Y ., 1974.

Rheinboldt, W.C., Numerical Methods for a Class of Finite Dimensional
Bifurcation Problems, SIAM J. Num. Andl., 15, 1-11, 1978.

Rheinboldt, W.C., Numerical Analysis of Parametrized Nonlinear Equations,
John Wiley & Sons, N.Y ., 1986.

12



