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Abstract

We present a mathematical model based on a system of nonlin-
ear ordinary differential equations to describe the dynamics of the
macrophages and T lymphocytes in the presence of a causative agent
of tuberculosis, Mycobacterium tuberculosis. This model takes into
consideration the relations among six different populations inside the
lung of an infected individual. These populations are bacteria, non-
activated and activated T lymphocytes, non-infected macrophages,
non-activated infected macrophages, and activated macrophages. We
study and characterize the stability of an infection’s free state which
represents an equilibrium point of the governing system of equations.
In addition, we show the existence of a family of infectious steady
states for values of the parameters for which the infection’s free state
becomes unstable. We present computer simulations based on some
known parameter values from the literature. Also, we show by com-
puter simulations that our model equations can exhibit Hopf bifur-
cation and construct examples of stable non-trivial steady states and

periodic solutions.

Key words: Tuberculosis, population interaction model, bifurcation analy-

sis.



1 Introduction

Tuberculosis (TB) is an infective disease caused mainly by a bacterium called
Mycobactirium Tuberculosis. An infected individual transmits TB through
coughs and sneezes. Once the person gets the TB bacteria, the immune
system response could destroy or inhibit the spread of the bacteria. If the
bacteria are inhibited instead of destroyed, TB could be latent for a period
until the immune system becomes weak. This will raise the number of TB
bacteria resulting in an active or infectious TB, see [1].

The number of TB cases has drastically increased in recent years. The
reasons for that increase in TB cases has been attributed to: the human im-
munodeficiency virus (HIV) that debilitates the immune system of the person
infected with it and the multi-drug resistance developed when the treatment
of a TB patient is interrupted or inadequate [2], [3], [4]. Castillo-Chdvez and
Feng in [5], studied the dynamic of resistant TB using a basic transmission
model. We refer to that article along with its extensive references for details
about the epidemic aspects of TB. In view of the increase in the number of
TB cases, it is important to understand the interaction of the TB bacteria
with the immune system.

In this article, we approach the interaction of the TB bacteria with the
immune system by a mathematical model. The model presented here makes
use of predator-prey processes and kinetic reactions. The immune response to

the TB bacteria includes the action of macrophages and T cells. The macro-



phages ingest bacteria and are able to destroy or inhibit them. Whereas,
T cells secrete a substance that activate and attract macrophages. For a
detailed discussion see [6], [7].

By using this model, we analyze two basic outcomes resulting from the
human exposure to the TB bacteria: the infection’s free state and the infec-
tious state. We consider six populations as the most significant in the above
states.

Mathematical models for the interaction of the immune system with the
HIV virus have been given among others by Perelson [8] and Kirschner [9)].
The interaction of the T cell with antigen presenting cells has been mod-
eled among others by Fishman and Perelson [10], where dentritic cells and
macrophages were considered as presenting cells.

In Section 2 of the paper, we describe all the basic assumptions in our
model and present the mathematical equations. In Section 3 we study the
existence and stability of equilibrium points for the proposed model. In
particular, we show that an equilibrium point representing an infection’s free
state exists for all permissible values of the parameters in the problem and
find conditions on the parameters that guarantee the stability of this point.
Moreover, we prove the existence of a surface of infectious steady state points
bifurcating at the point at which the infection’s free state looses stability. In
Section 4 we present some numerical simulations. We use some parameter
values from the available literature together with the stability criteria from

Section 3 to compute an infectious equilibrium point. Furthermore, we show



that our model exhibits Hopf bifurcation for certain values of the parameters

and construct a periodic solution of the system.

2 The Mathematical Model

The progression of the TB infection on an individual can be described by

two basic stages:

1. (First Stage) A person inhales some bacteria, and these enter the alve-
oli. There, some alveolar macrophages, which are already activated,
will attempt to kill the pathogens by engulfing them. If the alveolar
macrophages fail to destroy the inhaled bacilli, the later will reproduce
inside the macrophages until they explode. This will attract monocytes
from the bloodstream, which will ingest the bacilli released from the
alveolar macrophages. Since these monocytes are not activated, they
cannot destroy the bacilli they engulf. Thus, these bacilli will repro-
duce inside the new immature macrophages. In time, there will be a
greater accumulation of bacteria and non-activated macrophages in the

site of infection.

2. (Second Stage) The reproduction of bacteria stops abruptly at the be-
ginning of the second stage of a tuberculosis infection. In this stage, in-
fected macrophages present the antigen of Mycobacterium tuberculosis
to specific T lymphocytes. These lymphocytes recognize the antigen

and become activated. Following the activation of a T cell proceeds



the expansion of the population of activated T lymphocytes. These
cells clone themselves producing more activated T cells until there are
enough cells to deal with the infection. These cells may be of two
types: helper T cells and cytotoxic T cells. The first ones will secrete
lymphokines that activate macrophages in order to enable them to kill
the bacteria they ingest. The second ones will produce lymphokines
and other substances that will kill macrophages in which bacilli are
reproducing. This stops the reproduction of bacteria inside the macro-
phages until other non-activated macrophages ingest the released bacilli
or until activated macrophages engulf and destroy these bacteria. The
interplay between these two types of responses of the immune system

against the pathogen is what determines the fate of the disease, see [7].

For a detailed discussion on the progression of the TB infection see [1],[2],
and [7].

Our model takes into account the macrophage-activating response de-
scribed earlier, in which activated T cells secrete lymphokines that activate
macrophages. For simplicity, the tissue—damaging response, i.e., the destruc-
tion of infected macrophages, is not considered in this model. We shall
consider this type of response in a follow up paper.

We also assume that the infected person has inhaled some bacteria and
that these organisms have reached the alveoli. The model does not account
for the spread of the infection to other parts of the body, outside the lung of

the infected individual.



We assume that macrophages go from their original state to the infected
state, and, from there, to the activated state. T cells go from their original
state to the activated state. Once a macrophage or T cell has reached a
certain state, it either stays there or moves to the next state. They never
move to a previous state. For example, they never move from the activated
state to their original state.
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The six populations in our model, in cells per mm™", are as follows:

M(t) = non-infected and non-activated macrophage,
M;(t) = infected and non-activated macrophage,
M,(t) = activated macrophage,

T(t) = non-activated T cells,

T.(t) = activated T cells,

P(t) = bacteria.

In Figure 1, we show the compartment diagram for the model. In the
diagram, we represent: the birth rates by 3’s, the death rates by d’s, the
transitional rates from one population to another by €’s, and the reproduction
or attraction rates for a given population by 7’s.

We assume that the attraction rate of the macrophage in the presence
of pathogens is governed by a predator-prey process, thus we model it by a

logistic-type function 7y, defined as



where 1y (cells days™') is the macrophages attraction rate and M., (cells
mm™3) represents the maximum carrying capacity for the population of
macrophage. Similarly, we model the bacteria’s reproduction by using a
logistic-type function 7p, defined as

fP(P):TP<1—£>,

Py

where rp (cells days™") is the bacteria reproduction rate and Py, (cells mm™3)
represents the maximum carrying capacity for the population of bacteria. We
assume that the reproduction rate for the activated T cells in the presence of
infected macrophage is governed by an enzyme-substrate process. Thus we
model it by using Michaelis-Menten kinetic, see [11], i.e.
M;
TT*(CT I Mi)’

where rp is the T cells reproduction rate (cells days™") and cp (cells mm™2)
is the Michaelis constant. As infected macrophages die or explode, bacteria
are liberated at the rate, Ndy;, + Lg, where N and L are the average number
of bacteria per macrophage when it dies or explodes, respectively, and g is
the explosion rate of infected macrophage. The constant 7 represents the rate
at which activated macrophages kill bacteria. The resulting mathematical
model for the tuberculosis infection described schematically in Figure 1 is

given by:



dM M
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dM;
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The other parameters in (1) have the following meanings and units:
Burs Br = birth rates of macrophages and T cells respectively (cells mm™3days™");

€ny €M, €r = migration rates of M (t) into M;(t), M;(t) into M,(t), and T'(t)

into T, (t) respectively (cells mm3days™');

0 = with the corresponding subscript denotes death rate for the correspond-

ing population (cells days™);
ryr = denotes an attraction rate for the macrophage population (cells days™");
rp, r7 = denote reproduction rates for the corresponding population (cells days™');
g = explosion rate of infected macrophage (cells days™");
n = average number of engulfed bacteria by a macrophage (dimensionless);

n = rate at which bacteria are killed by activated macrophage (cells mm3days™");
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N = average number of bacteria per macrophage when it dies (dimension-

less);

L = average number of bacteria per macrophage when it explodes (dimen-

sionless).

3 Existence and Stability of Equilibrium Points

In this section we study the existence and stability of equilibrium points for
the system (1). In particular we show that an equilibrium point representing
an infection’s free state exists for all permissible values of the parameters
in the problem and find conditions on the parameters that guarantee the
stability of this point. Moreover, we prove the existence of a surface of
infectious equilibrium points bifurcating at the point at which the infection’s
free state looses stability.

The equilibrium points of the system (1) are given by the solutions of

ﬁM"‘TM <1—M—AZO)P—(5M+€MP)M:0,
GMMP_ [6M7, +g+6MiTa] Mz :07
eMiTaMi - 6MaMa =0,
ﬂT — ((ST + GTMi) T = 0,
rr
— L )Y M,T - 6;T, =0,
<€T+CT+MZ'> r

[rp (1 - %) + Noy, + Lg] M; — (6p + nex M + nM,) P = 0.

Note that if P = 0, it is easy to see that a solution of the system (2) is given
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M="M=M , T=L=T, , Mi=M,=T,=0. (3)

This solution represents an infection’s free state. We study now the stability
of this solution and the existence of states of infection in which P # 0.
The derivative of the right-hand side of (1) (the Jacobian matrix) evalu-

ated at (3) is now given by

o 0 0O 0 0 ry (1 _ ﬁ—g) — e M,y
0 _6Mi —g 0 0 0 EMM()
0 0 o, 00 0
(4)
0 —erTh 0 —dp 0 0
0 (eT n %) T, 0 0 —b 0
0 Noy, +gL +rp 0 0 0 —0p — nepr My

If we interchange rows two and five and simultaneously columns two and five
of this matrix, we find that the eigenvalues of (4) are given by —dy, —0ar,,

—d7 (double), and those of the 2 x 2 matrix

_5Mi —g e My
(5)

]\vféMZ + gL +rp —(Sp — ney My
An easy computation now shows that the remaining two eigenvalues of (4)
are given by:
1

5 [— (5p+5Mi+g+n6MMo)i‘/a] (6)

where

d= [(51) — 5]\4Z — g+ NGMM0)2 + 46]\4]\40(]\f5]\4Z + gL + Tp)] .
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Thus all eigenvalues of (4) are negative except the one corresponding to the
plus sign in (6) which is negative if and only if

< 1. (7)

If we let
EMﬁM(g(L _ n) + 6M1,(N _ n) + TP) (8)
5M6P(5Ml + g) ,

we have that (3) is an asymptotically stable equilibrium point if R < 1 and

R =

unstable if R > 1. Moreover, since the only eigenvalue that can change sign is
simple, and the explicit form (6) guarantees that the transversality condition
of multiparameter bifurcation theory is satisfied, we get that (2) has a whole
surface of solutions with P # 0. We summarize our results so far in the

following theorem.

Theorem 3.1. The equilibrium point (3) of the system (1) representing an
infection’s free state of the system is asymptotically stable if R < 1 and
unstable if R > 1. Moreover, bifurcating from the trivial branch (3) at the
surface where R = 1 there exists a ten-dimensional surface of solutions of (2)

with P # 0.

Proof: Let X = (€a, Bur, - - -) be the vector of the ten parameters appearing
in the definition of R. Let {o1()),...,06(X)} be the set of eigenvalues of (4)
where we assume that og(X) corresponds to the one with the plus sign in
(6), and the other eigenvalues are negative. Note that R = 1 if and only if
o6(X) = 0. Let

E={X: os(X) =0}.
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For any a > 0, let §: [~a,a] — R'° be a smooth curve that crosses &€

transversely, i.e.,
o(3(0) =0, Vou(7(0)) - 5(0) 0, (9)

Then according to [12], Corollary (2.50), a ten dimensional surface of non
trivial solutions of (3) bifurcates from &€ provided that h(t) = 04(5(t)) changes

sign at t = 0. But by Taylor’s theorem
h(t) = h(0)+ h'(0)t + o(t),
= Vogs(5(0)) - 5'(0)t + o(t), (10)

which changes sign at ¢t = 0 if §(¢) satisfies (9). O
The solutions with P # 0 predicted by Theorem (3.1) represent infectious
steady states for the system (1).

Let us write R as

R = Ry Ry, Rp, (11)

where

et Bur
Om

g(L—n)+dps,(N—n) 11

Ry, = rp ,

Ry =

b

and

rp

Rp = —.

r=5,
In view of (11), R relates the growth rate of the populations of macrophages

and bacteria with certain rates for the explosion and death of infected macro-

phages.
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4 Numerical Simulations

We describe in this section some numerical simulations for the system (1).
The numerical environment we used was MATLAB, version 5.2 in particular
the routine ode45 and odelbs. Both routines employ adaptive Runge-Kutta
solvers, the odelbs been specially designed for handling stiff problems.

The choice of the parameter values for our model is not an easy task!
In Table 1, we show the parameter and input values for system (1). See
the discussion below for the literature references and the criteria we used in
choosing these values.

We start our simulations with a macrophage population of 500 cells per
mm 3, and with a bacteria population of 100 cells per mm 3. The population
of helper T cells is approximately of 1000 cells per mm > (see [8]), thus we
choose 1000 cells per mm ™2 to start our simulations.

The death rate for T cell is o7 = 0.02, see [9] and [10]. The ratio of the
macrophage death rate to the T cell death rate is 200 (see [10]), therefore
dn = (200)(0.02) = 4. Moreover, we assume that 0y, = dpr, = Ips.

We choose the birth rate of 7" cell such that in the absence of infected
macrophages the population of 7' cells maintains its initial value 7°(0). Thus
Br = (0.02)(1000) = 20.

The turnover rate for macrophage and 71" cell interaction is approximately
5.5 hrs., see [10] and [13]. To estimate the activation rate of T cell, ey, we

take the reciprocal of the turnover rate (in days) and divide it by the T cell
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average population. Similarly, we estimate the activation rate of infected
macrophage, €y, by taking the reciprocal of the turnover rate (in days) and
divide it by the macrophage average population.

Now we consider two cases where the parameters 3, rar, rp, and dp are
chosen such that we get different results for the dynamics of the macrophage
and bacteria populations.

As a first case, we choose rp and 0p such that Rp > 1 in (11). That
means that the bacteria population reproduces faster than it dies. We choose
dp = 2x 1072 and 7p = 2. Then we choose (3); such that R > 1 in (8).
Figure (2) shows the macrophage populations, Figure (3) shows the bacteria
population, and Figure (4) shows the T" cell populations for a time period of
50 days. As can be verified by substituting in the system (2), this solution

approaches the equilibrium point

M =62893 , M;=355, M,=16.89, a2)
T =563.72 , T,=436.38 , P =648.03.

For the second case, we choose dp = 2 and rp = 2 x 107! such that Rp < 1
in (11). Then we choose (), such that R < 1 in (8). Figure (5) shows
the macrophage populations, Figure (6) shows the bacteria population, and
Figure (7) shows the T cell populations for a time period of 50 days. This
time the solution converges to the infection’s free equilibrium point (3).
Our final simulation illustrate some of the kind of solutions that (1) ad-
mits. A Hopf bifurcation for the system (1) occurs at an equilibrium point,

i.e., a solution of (2), at which bifurcation into a periodic solution occurs.
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These points are characterized by the existence of two complex conjugate
pure imaginary eigenvalues of the Jacobian matrix J of the left-hand side
of the system (2). If all the eigenvalues of J are nonzero and only two are
pure imaginary and they cross the imaginary axis with nonzero slope at the
equilibrium point in question, then one has a Hopf bifurcation at that point
(see [14]). Since the eigenvalues of (4) are all real, any Hopf bifurcation for
the system (2) must occur at a nontrivial solution (like those predicted by
Theorem (3.1)).

The parameters used in this case are those in Table (1) with
Bur =200 , ryy =10 , dp =0.178.

Using a numerical algorithm for computing Hopf bifurcations given in [15]
(pp. 72-73), we vary numerically the parameter rp. We found numerically
that the system (1) exhibits a Hopf bifurcation at rp = 2.121 approximately.
The non-trivial steady state corresponding to this Hopf bifurcation is given

by

M = 460.3866 , M;=2.1601 , M, = 7.5397, (13)
T =679.8520 , T, =320.2198 , P = 312.1986.

For values of rp slightly less than 2.121, the steady state solution is stable
while for values slightly bigger than 2.121, a stable periodic solution appears
and the non-trivial steady state becomes unstable. As initial conditions for
these simulations we use the values in (13). In Figure (8) we can see the time
evolution of the system approaching a stable non-trivial steady state solution

corresponding to rp = 2.12, that is close but not equal to (13) (we show only
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the population of bacteria versus that of infected macrophage). In Figure (9)
we have that the evolution of the system now approaches a stable periodic
solution corresponding to rp = 2.2. This solution represents a type of state of
latent infection but in dynamical equilibrium. In this case the populations of

infected macrophage and bacteria behave similar to a predator-prey system.

5 Summary and Conclusions

We developed a model for the dynamic interaction between macrophage, T’
cell, and mycobacterium tuberculosis based on six populations of them. This
model incorporates logistic and Michaelis-Menten kinetics for reproduction
rates.

We tested the model by using some parameter values from the available
literature together with the stability condition for the infection’s free state.
When the parameter values were set to satisfy that condition the simulation,
as predicted by Theorem (3.1), converged to the infection’s free equilibrium
point (3). On the other hand, when the parameters values violated that
condition, the simulation converged to an equilibrium point different to the
infection’s free equilibrium point. Also we showed numerically that the pro-
posed model can exhibit Hopf bifurcations. The periodic solutions appearing
at a Hopf bifurcation as well as the infectious equilibrium points, could be
interpreted as a state of latent infection in dynamical equilibrium or constant

in time.
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We proved in Theorem (3.1) that an infection’s free equilibrium point
exists for all permissible values of the parameters in the problem and found
conditions on the parameters that guarantee the stability of this point. More-
over, we proved the existence of a surface of infectious steady state points
bifurcating at the point at which the infection’s free state looses stability.

A major problem in the study of mathematical models of populations
is the lack of data for many of the parameters used in the model. These
parameters are usually only known to have values within certain ranges and
many of them like the r’s, are unknown. This is where an analysis like that
in Theorem (3.1) becomes very valuable because we get information about
qualitative properties of the system without restricting the values or ranges
of the parameters involved. To get further information on the stability of
the nontrivial bifurcating branches in Theorem (3.1), one needs to compute
higher order derivatives of the left hand side of (2) to determine the type of
bifurcation diagram at hand.

Acknowledgements:

A preliminary version of this model was developed by Munoz-Alicea while
at the Mathematical and Theoretical Biology Institute (MTBI) summer pro-
gram at Cornell University during the summer of 1996. The works of Negréon-
Marrero and Marcano-Veldzquez were sponsored by the program of Institu-
tional Funds for Research of the University of Puerto Rico at Humacao and

Rio Piedras, respectively.

18



References

[1] A. M. Dannenberg, Pathogenesis and immunology: basic aspects,
in: D. Schlossberg, editor, Tuberculosis, Springer-Verlag, third edition,
1994, pp. 459-581.

[2] P. C. Hopewell, Overview of clinical tuberculosis, in: Barry R. Bloom,
editor, Tuberculosis: Pathogenesis, Protection, and Control, American

society for microbiology, Washington, D. C., 1994, pp. 25-46.

(3] B. Miller, Preventive therapy for tuberculosis, Medical Clinics of North

America, 77 (1993) 1263-1275.

[4] P. Sudre, G. Dam, and A. Kochi, Tuberculosis: A global overview of the
situation today, Bulletin of the World Health Organization, 70 (1992)

149-159.

[5] C. Castillo-Chavez and Z. Feng, To treat or not to treat: the case of

tuberculosis, J. Math. Biol., 35 (1997) 629-656.

(6] E. Benjamini, G. Sunshine, and S. Leskowitz, Immunology: a first

course, Wiley-Liss Inc., New York, third edition, 1996.

(7] A. M. Dannenberg and Graham A. W. Rook, Pathogenesis of pul-
monary tuberculosis: an interplay of tissue-damaging and macrophage-
activating immune responses— dual mechanisms that control bacillary

multiplication, in: Barry R. Bloom, editor, Tuberculosis: pathogenesis,

19



protection, and control, American society for microbiology, Washington,

D. C., 1994, pp. 459-483.

[8] A. S. Perelson, Modeling the interaction of the immune system with
HIV, mathematical and statistical approaches to aids epidemiology, in:
C. Castillo-Chavez, editor, Lecture Notes in Biomath, Springer, Berlin,
1989, pp. 350-370.

9] D. Kirschner, Using mathematics to understand HIV immune dynamics,

Notice of the AMS, 43 (1996) 191-202.

[10] M. A. Fishman and A. S. Perelson, Modeling T cell-antigen presenting
cell interactions, J. theor. Biol., 160 (1993) 311-342.

[11] J. D. Murray, Mathematical biology, Springer-Verlag, New York, second
edition, 1993.

[12] J. C. Alexander and S. S. Antman, Global and local behavior of bifurcat-
ing multidimensional continua of solutions for multiparameter nonlinear

eigenvalue problems, Arch. Rational Mech. Anal., 76 (1981) 339-354.

[13] C. V. Harding, R. W. Roof, and E. R. Unanue, Turnover of Ta-peptide
complexes is facilitated in viable antigen- presenting cells: Biosynthetic
turnover of Ia vs. peptide exchange, Proc. Natl. Acad. Sci. USA, 86
(1989) 4230-4234.

20



[14] J. E. Marsden and M. McCracken, The Hopf Bifurcation and its Appli-

cations, Springer Verlag, New York, 1976.

[15] M. Kubicek and M. Marek, Computational Methods in Bifurcation

Theory and Dissipative Structures, Springer-Verlag, New York, 1983.

21



Figure Legends

Figure 1: Compartment diagram for a six population model of tuberculosis.
Table 1: Parameter and input values for system (1). See text for the literature
references and the criteria we used in choosing these values.

Figure 2: Macrophage population, divided by the initial value M (0), on the
left and infected and activated macrophage populations on the right for the
data in Table 1 with Rp > 1.

Figure 3: Bacteria population divided by its initial value for the data in
Table 1 with Rp > 1.

Figure 4: Populations of T, T,, and their sum for the data in Table (1) with
Rp > 1.

Figure 5: Macrophage population, divided by the initial value M (0), on the
left and infected and activated macrophage populations on the right for the
data in Table 1 with Rp < 1.

Figure 6: Bacteria population divided by its initial value for the data in
Table 1 with Rp < 1.

Figure 7: Populations of T', T,, and their sum for the data in Table (1) with
Rp < 1.

Figure 8: Dynamics of the system (1) converging to a stable infectious state
for rp = 2.12.

Figure 9: Dynamics of the system (1) converging to a stable periodic solution

for rp = 2.2.
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Parameter

Value

Onr 4 cells per d 1
€M, 4.36 x 1072 cells per mm3d~!
€M 3 x 107* cells per mm3d—"
M 103 cells per mm 3d "
ot 2 x 1072 cells per d=*
Or 2 x 10! cells per mm3d !
er 4.36 x 1073 cells per mm>d="
rr 10~ cells per d—*
cr 102 cells per mm=3d"
n 10~ cells per mm3d="
Py 10? cells per mm 3
om;, = Onr, oM
L 15
N 15
n 3
g 2 cells per d=!
Tpy 0Py Bors T Vary
M(0) 500 cells per mm ™
T(0) 1000 cells per mm™3
P(0) 100 cells per mm™3

0

Table 1:
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