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Preface

Historically the problems posed by continuum mechanics have induced major
developments in important areas of mathematics, such as the theory of partial
differential equations both linear and nonlinear, the calculus of variations, and
bifurcation theory (cf. [44], [5]). On the other hand, there has been an increasing
interest among the mathematical community in nonlinear problems and tech-
niques to tackle such problems. An example of this has been the use of degree
theoretic techniques, e.g. the Leray—Schauder degree in nonlinear differential
equations. These mutual influences between continuum mechanics and several
areas of mathematics research are still going on. In this lecture series we will
study some important recent developments, explained in more details below,
in degree theoretic techniques and their applications to problems in nonlinear
elastostatics. These recent developments in this field have an applicability that
extends beyond its original motivation from elasticity theory and consequently
are worth knowing by other mathematicians interested in nonlinear problems
and theories. Moreover, this area of research has many interesting open prob-
lems and would benefit from new researchers, specially young talented people.

For many years one of the most difficult open problems of non—linear elastic-
ity theory has been the use of global continuation methods (via degree theory) to
study the governing system of partial differential equations of three—dimensional
models, c.f. [7], and [32]. The use of Leray—Schauder degree techniques in elas-
ticity has a long and successful story that we will not review here but we refer
to [6] for examples and its extensive literature review. However, for the most
part, those applications have been limited to one-dimensional problems. Not
until recently, in [21], such a major enterprize was carried out for the three di-
mensional displacement problem of nonlinear elasticity. On the other hand, the
full nonlinearity of traction boundary conditions renders more general boundary
value problems out of reach to the traditional Leray—Schauder degree.

A more general degree based on proper Fredholm maps of index zero ([14],
[28], [26]) avoids the transformation of the original problem into one in terms
of a compact perturbation of the identity but requires properness of the non-
linear operator and some a priori estimates on solutions of the linear problem
and its spectrum. This generalized degree has the same important properties
of the classical Leray—Schauder degree. In particular, the homotopy invariance
property (cf. Proposition 4.12 in [26]) of the new degree supports its applica-
bility to study global bifurcation in the sense of Rabinowitz (c.f. [37]). For the
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three dimensional mixed problem of nonlinear elasticity the required spectral
estimates were obtained in [26] and together with the estimates of [4] for elliptic
systems, Healey and Simpson were able to apply the generalized degree to get
the existence of a global branch of solutions of this problem. Therefore, the new
methods of Healey and Simpson make it possible, for the first time, to tackle
global bifurcation problems in non-linear three—dimensional elasticity.

A first step in the analysis of local continuation or bifurcation is to study
each linearized problem around the corresponding trivial solution. For global
continuation or bifurcation one further needs to study the linearized problem
about an arbitrary deformation. These linear problems correspond to elliptic
systems of partial differential equations on a domain determined by the geome-
try of the physical problem. In order to apply the more general degree mentioned
above, the linear operators must be Fredholm of index zero and certain spectral
estimates are needed. When the domain is smooth, one can use Schauder esti-
mates ([4]) to get the required properties. On other types of regions one might
use hidden symmetries in the problem to get the required properties ([22], [23],
[24]).

The behavior of the global solution branches predicted in [26] is character-
ized, in addition to the two Rabinowitz alternatives, cf. [37], by the possibility
that they terminate due to loss of local injectivity and/or ellipticity and/or the
failure of the complementing condition. An open problem then is to find phys-
ically meaningful restrictions on the constitutive laws which rule out some of
these alternatives. In [25] the failure of local injectivity on bounded solution
branches is obviated for a general class of stored energy functions subject to
mild growth conditions. Thus, the existence of unbounded solution branches is
obtained. With slightly stronger, but nonetheless, physically realistic, growth
conditions, a similar result is obtained in [24] for a class of boundary value
problems involving traction-free boundary conditions.
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Chapter 1

Boundary Value Problems
of Nonlinear Elastostatics

1.1 Notation

We denote vectors in R™ by bold—face, lower—case symbols, e. g., a, b, x,
etc., the components of which with respect to a particular basis will be denoted
(a;), (b;), (z;), etc.. The vector cross product will be denoted by a x b, the
Euclidean inner (“dot”) product by a - b, and the corresponding Euclidean
norm by |a].

The second order tensors consists of the set of all linear transformations on
R"™ and will be denoted L(R™). Elements of L(R™) will be denoted by bold—
face, upper—case symbols, e. g., A, B, C, etc., the components of which with
respect to a particular basis will be denoted (A;;), (Bij), (Cij), etc.. We will
also employ the following notations:

a®b € L(R™) is the tensor product of a and b. In components, (a®b);; = a;b;.

A -B = trace (A'B) is the Euclidean inner product on L(R™). In components
A -B= Aij Bzg

|A| = (A - A)'/2 is the corresponding Euclidean norm.

AT denotes the transpose of A.

A~! denotes the inverse of A provided A is invertible.

det A denotes the determinant of A.

Cof A € L(R™) is the cofactor tensor which satisfies AT Cof A = (det A)I.
GLT (R") ={A € L(R") : det A >0} .

SO(n) ={Q e L(R") : QQ" =1, det(Q)=1}.
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2 CHAPTER 1

For any bounded open subset Q of R* we let LP(Q), 1 < p < 00, denote the
real Banach space of (classes of) real valued measurable functions u: @ — R”
such that |u|” is integrable. The norm over LP(f2) is given by:

full, = [ [ TaGop ax " (1)

For k > 1 an integer, and 1 < p < oo, we let W¥P(Q) be the Sobolev space of
classes of functions u € LP(2) such that u has generalized derivatives of order
less than or equal to k that belong to LP(2). The norm in W*P?(Q) is given by

1/p

lall,, =1 > [PPufl} . (1.2)

18 I1<k

We let C*(Q2) be the Banach space of continuous functions with derivatives
up to order k continuous also over Q. The norm in C* () is given by

[ullchg = Y, max [DPu(x)|. (1.3)
Bl<k *€°

The Schauder space C**(Q), 0 < a < 1, denotes the Banach space of functions
u € C*(Q) such that
|Dﬁu(x) — Dﬁu(y)|
sup

a
x,y€Q |X - Y|
xZy

< 00,

for any multi-index 8 with |3| = k. The norm in C**(Q) is given by

|DPu(x) — DPu(y)|
Ix —y|*

all o = allrga + 30 sup (L4)

— X.YEQ
Bl=k Xy

1.2 The Governing Equations of Nonlinear Elas-
ticity

Nonlinear Elasticity is a vast subject, as demonstrated by the existence of nu-
merous books devoted to it, e. g., [6], [11], [32], [35]. We make no attempt
at a thorough introduction here, but rather employ the mathematically expe-
dient device of obtaining the FEuler-Lagrange equations from the principle of
stationary potantial energy:

Consider an elastic body occupying a bounded domain © C R*. A defor-
mation of the body is a C' mapping, f : O — R” | satisfying

det F(x) >0 in Q, (1.5)



Figure 1.1: Geometry of Deformation. The body occupying the region 2 in its
reference configuration (left) and its deformed configuration f(£2) (right).

where
F(x) = Vf{(x), (1.6)

is the deformation gradient, defined by
f(x+h)—f(x) =VE(x)h+o(h|), as |h] — 0.
The displacement of the body is defined by:
u(x) = f(x) — x. (1.7)

The region Q is called the reference configuration, and the image £(Q) C R”
is called the deformed configuration. (See Figure (1.1).)

We postulate the existence of a stored energy density W : GLT (R") — R,
such that

E(f) = /Q W (V £(x))dV; (1.8)

represents the total internal potential energy of the body in the deformed con-
figuration. We make the physically realistic assumption that

W(F) = oo as |F| = oo, and as det F \, 0. (1.9)
We require that W also satisfy material objectivity:

W(QF) = W(F) ¥Q € SO(3). (1.10)

We suppose that the body is acted on by various external (prescribed),
sufficiently smooth fields:
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1. 7(u,-) - prescribed traction on 99 .

2. u=d(-), on 9Qy, where 9,0, are disjoint relatively open subsets of

3. b(u, Vu.:) —prescribed body force per unit volume in Q.

In particular the later two fields need not be conservative (i.e. derivable from
scalar fields. Accordingly, for equilibrium we take the first variation of (1.8) and
equate it to the virtual work of the external fields acting through an arbitrary
admissible variation. Consider a smooth field:

n:Q — R, such that n]sq, = 0. (1.11)
The first variation of (1.8) in the direction of 7 is given by

dw

d
B+ am)]ao = /Q S (VE)- Vv (1.12)

For equilibrium we require (the principle of virtual work):

dw

—(Vf)-VndV:/ b-ndV—l-/ T-ndS, (1.13)
o dF Q 800
for all admissible variations 7. Assuming sufficiently smooth fields satisfy-
ing (1.11), integration by parts and the divergence theorem yield the (Euler—
Lagrange) equilibrium equations:

Div <dd—¥(l + Vu)) +b(u,Vu) = 0in Q, (1.14a)
((11—2‘/(1+Vu)n = 7(u) on 90y, (1.14b)

u = d on 909, (1.14¢)

where n(-) is the outward unit normal field to 09.
Of course, (1.13) is simply the weak form of (1.14). The tensor

_dw
~ dF
is the first Piola—Kirchhoff stress tensor at F.

Expanding the first term in (1.14a) yields the quasi-linear form

S(F) (F), (1.15)

Div (‘i—vg(n Vu)> = (iu??/ (I+ Vu)[V?u], (1.16)

where the (vector—valued) right side of (1.16) is defined componentially (using
summation convention) via

CW N\ OW(EF) 0u
e - (dF2 (F)[V u]) = SFBFe Burt (L17)




Here {e; : i =1,2,...,n} denotes the standard orthonormal basis for R" .
The fourth—order tensor

(), (1.18)

is called the elasticity tensor at F, and in view of (1.17), we have the compo-
nential form
_ O°W(F)

ij

(1.19)

Note that C is symmetric, that is C;z; = Cpyy; for all ¢, j, &, (.

Clearly we may consider C(F) (for fixed F) as either a linear transformation
of third-order tensors into vectors, as in (1.16), or as a linear mapping of L(R™)
into itself. For the later we write

C(F)[A] € L(R") YA € L(R"), (1.20)
and in components, we have
ei - C(F)[Ale; = Cojur (F) Ay (1.21)
At each F € GLT(R"), we assume the strong ellipticity condition:
a®b-C(F)la®b] >0, VabeR"\{0}. (1.22)

In components, inequality (1.22) reads

Cijkl (F)aiakbjbl >0.

We say that the material of the body is uniformly elliptic at F if there exists a
constant a > 0 such that

a®b-C(F)a®b]>alal|b|. (1.23)

Remark 1.1. In contrast to the situation for scalar—valued second order elliptic
partial differential equations, observe that strong ellipticity (1.22) is weaker than
positive definiteness of the “coefficient matriz” C(F). The latter condition reads

H-C(F)H] >0, VH e L(R*)\{0},

which, in view of (1.16), implies the (strict) convexity of W(F). The latter is
untenable in nonlinear elasticity for many reasons, e. g., it insures uniqueness
of solution in situations where one expects non-uniqueness (buckling), and it
violates material objectivity (1.10), cf. [6], [11]. On the other hand, strong
ellipticity (1.22) insures that W (F) is strictly “rank-one” convex (since any
H=a®b, a, b #0, has rank equal to one).
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Throughout this work we assume that the external fields depend upon a
single “control” parameter A € R, the simplest example of which is “propor-
tional loading”: u = Ad on 09, Ar(u)-prescribed traction on 0%, and
Ab(Vu, u)-prescribed body force. More generally we consider continuous pa-
rameter dependence, viz. , 7(\,u), d()), b(\,u, Vu), each of which vanish at
A=0:

7(0,u,r) = 0 on 09, (1.24)
d(0,-) = 0 on 99y,
b(0,u,A,:) = 0 in Q.

We now record the final form of the boundary value problem, employing
(1.15), (1.18), and (1.24):

C(I+ Vu)[V?u] +b(\,u,Vu) = 0in Q,
SI+Vun = 7(\u) on 00, (1.25)
u = d(\) on 9.

Finally, we note that while (1.22) insures that (1.25), is an elliptic system
(c.f. Chapter (2)), the growth condition (1.9) at the boundary of GL™(R?)
generally precludes uniform ellipticity. For example, consider

1
W(F) = §F -F +T'(det F), (1.26)
with T : (0,00) = R convex and T'(a), I (@) — oo as a \, 0. A straight
forward calculation yields
d2
EW(F +ta®b)li=o = a®b-C(F)a®b]

= (a-a)(b-b)+ I (detF)(CofF - a®b)?,
from which we conclude that

2
sup a®b-C(F)a®b]> 1+@F (det F), (1.27)
lal=|bl=1

which “blows up” at the boundary of GLT(R"), provided that |Cof F| > 0
as detF N\, 0. If T"(a) ~ a~ 2 | (s > 0), it’s not hard to show that the
right side of (1.27) always goes to infinity in the limit as detF N\, 0 (without
assuming that |Cof F| is bounded away from zero).

Remark 1.2. In general the stored energy W (-) is not known. The role of
analysis here is to obtain existence results with physically meaningful conditions
placed upon W(-), e. g., (1.9), (1.10), (1.22). Even though the beginnings of
the theory date back to Cauchy, there is still no complete existence theory in
nonlinear elasticity.



Chapter 2

Linearization, Ellipticity
and the Fredholm Property

We examine the elliptic linearized partial differential operators occurring in
elasticity and determine conditions under which the Fredholm property holds
for corresponding boundary value problems.

The equations of nonlinear elasticity are of the form

DivS(Vf)+b =0 on (. (2.1)

Here S : GLT (R*) — L(R") is the Piola-Kirchhoff stress tensor given by (1.15).
Also ) is some region in R® (2 is open, bounded with sufficiently smooth
boundary, Q) and f : Q — R” represents the deformation of an elastic body
initially occupying € in the reference configuration. See Antman [6], Ciarlet
[11], Gurtin [19], Valent [45].

We consider two types of boundary conditions. In the displacement type, f
is specified on 99 and in the traction type, S(V f)n is specified on 9Q; n is the
outward unit normal to Q. When (2.1) is written in components we have

=~ 9
> oz, Sij(Vf(x) =bi(x), x€Q,
j=1

for i € {1,...,n}. The displacement boundary condition is
fi(x) =d;i(x), x €099, (2.2)
i =1,...,n, and the traction boundary condition is
Z Sii(Vf(x)n;(x) = ni(x), x€09Q, (2.3)
j=1

i € {1,...,n}, where d(x) = (di(x),...,dn(x)), T7(x) = (71 (X),...,Tn(X)
are specified functions on 9Q. 7 is the imposed surface traction and n(x) =
(n1(x),...,n,(x)) is the outward unit normal to 9.

7



8 CHAPTER 2

To linearize the equation above, first fix a deformation fy : & — R™ and
write C(x) in place of C(Vfj(x)), x € 2. We linearize about f; and denote by
u: 0 — R” and infinitesimal displacement. Then (2.1) and boundary conditions
(2.2) and (2.3) yield the linear boundary value problem

Div C(x)[Vu(x)] = b(x), x €Q,

2.4
x € 01 24)

Here b, d, t are specified functions' on either Q or 89 with values in R?,
u: Q — R” is the solution function to be found. In (2.4) there are two types
of boundary condition on 0Q: displacement or linearized traction (C[Vu]n).
We denote the boundary operator by B(u) = u or C[Vu]n in (2.4)2 or (2.4)3
respectively; we sometimes write C for C(x). The linear operator represented
in (2.4) is

L(u) = (Div C[Vu], B(u)) (2.5)

and the problem in (2.4) is equivalent to L(u) = (b, d) or (b,t). The differential
operator on the left in (2.4); is of second order

Div C(x)[Vu(x)l; = Y % {C(X)ijklg—zlz(x)], x €Q,
Giki=1 "7

1 <i < n. The operator in (2.4)3 is of first order

(CE[VaEnEx) = 3 c<x>ijkl‘2—ij;<x>nj<x>, x € 00,

jikl=1

1 <@ < n, and that on the left in (2.4)s is of zeroth order (displacement or
Dirichlet type).

To determine the injectivity, surjectivity and Fredholm properties of L we
shall work in either the Sobolev spaces W*P?(Q) or the Holder spaces C**(Q2),
kE>0,1<p<o0,0<a<]l. Hereu,b,d,t willliein these spaces and C(x);j,
0N will assume certain smoothness conditions given below. For simplicity we
denote the Banach space X = W*?(Q) or C*(Q) with the usual norms (cf.
Adams [1]). In all that follows we assume either the pure displacement problem
on all of 9N or pure traction problem on all of 0f2.

We make certain assumptions for the tensor C and the region Q (here & is a
positive integer):

(H1) © C R” is open, bounded; and either 9 is locally C*-smooth if X =
WkP(Q), k > 2,1 < p < oo; or Q is locally C**-smooth if X = CF*(Q),
k>2,0<a<1(see Adams [1, p. 67]). Then n: 9Q — R"* is C*~1- or
C*~1>_smooth respectively.

!Here b, d represent linearizations of the corresponding functions in (1.14) which for sim-
plicity we denote again with the same symbols and t the corresponding linearization of 7.



(H2) C(-)ijrr : @ — R are C* '-smooth functions on Q if X = Whr(Q)
or C* 1*smooth functions on Q if X = C*1*(Q) for each i,j,k,l €
{1,...,n}. Also C(-)ijr = C(-)mi; on Q for all ¢, j, k, | (symmetry).

(H3) Ellipticity: the n x n matrix function M(x) with components M;(x) =
2?1:1 C(x)sjk1€;& has nonzero determinant for each x € (2 and each (real)

é- = (Elaf%"'afn) € ]Rn\{o} (le é- # 0)

(H4) We assume that the Complementing Condition (CC) (see Definition (3.1))
holds at every xo € 0X2.

(H5) Either the pure displacement problem holds on all of 9 or the pure
traction problem holds on all of 9f2.

Remark 2.1. The conditions in (HI) are, at the level of generality consid-
ered here, almost minimal for the classical elliptic estimates (Agmon, Douglis,
Nirenberg [4], Lions, Magenes [31], Wloka [46], [47]) to hold, as well as the
consequent reqularity theory of solutions to follow. In fact OQ may be assumed
locally C*~11-smooth in case X = WP (Q) without changing any results. We
shall define a constant w which bounds the map that “straightens the boundary”
in C*- or C**-norm as well as its inverse. On the other hand if (H1) fails and
00 is allowed to have, for example, corners or edges then the elliptic estimates
and Fredholm properties may fail. We do not consider these cases here, see
Grisvard [17], Dauge [12] for results.

Remark 2.2. The conditions (H2) are sufficient for the general elliptic esti-
mates and regularity theory. We define a constant m which bounds the C*~'-
or C*=1 _norm of C on Q. These smoothness requirements for the components
of the tensor C follow from corresponding ones for £y and S (cf. Valent [45]).

Remark 2.3. The ellipticity condition stated above is sometimes referred to
as ordinary ellipticity. Two particular strengthened versions of this are called
strong ellipticity and positive definiteness (cf. Antman [6], Gurtin [19], Valent
[45]). Strong ellipticity is: the matriz M(x) is positive definite for each x € Q
(note symmetry Cijri = Cpui; implies M is symmetric). Positive definiteness
is: ZZj,k,l:l C(z)ijiHijHp > 0 for each x € Q, H € L(R*) \ 0. Clearly,
positive definiteness implies strong ellipticity which implies ordinary ellipticity.
Ordinary ellipticity is the weakest type (most general) to guarantee the elliptic
estimates (the latter implies the former, see Agmon, Douglis, Nirenberg []] for
a proof). Also strong ellipticity is equivalent to real wave speeds in the linearized
dynamic problem associated to (2.4) (adding the term p(x)‘?;T;‘, see Gurtin [19]).
Following (H3) we define an ellipticity constant E which bounds below the de-
terminant of M on Q for each unit vector &€ € R™.

Remark 2.4. The complementing condition, which is discussed in details in
Chapter (3), is sufficient and necessary (as well as the other requirements) for
the elliptic estimates to hold and this also reflects in the Fredholm property. See
Agmon, Douglis, Nirenberg [4] for a proof of this. It is related to certain high
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frequency behavior of infinitesimal solutions near the boundary in tangential
directions, see Simpson, Spector [40]. It is possible to define a constant A > 0
on OQ) which measures how close the complementing condition is to failing at
any point xg on OS).

We also have:

Theorem 2.5. If B(u) = u on all of 0Q (pure displacement problem), then the
CC holds at every xq € 09.

This follows from Garding’s inequality. In addition, if the C-tensor is per-
turbed slightly in the C°-norm over Q then CC still holds, see Simpson, Spector
[40].

Again we denote X as above with corresponding norm: X = WkP(Q) or
X=CF(Q),k>2,1<p<o0,0<a<l. Alsolet

k—2,p H — k,p
7= W), A X =TWRRQ), (2.6)
Ck=22(Q), if X = C0h*(Q),
and
_jwkee(9Q), if X = Wkr(Q), @7)
| CR(60), if X =C%(Q), '
for the displacement problem, or
k—1—1/p,p 0 if X = k,p QO
s W (0), if X =Whr(0), 08
Ck=12(9Q), if X =Cke(Q),

for the traction problem. Put Y = Z x V' with corresponding norm ||(f, g)||ly =
Wfllz+ llgllv, f € Z, g € V. Here V consists of trace spaces and involves the
boundary data. Note X — Z is a compact embedding (see Adams [1]). With
this, we have that L in (2.5) is a bounded linear operator L : X — Y and
B : X — V is also bounded and linear. This uses (H2) and the trace theorems
for Sobolev spaces.

We have some definitions: L is said to be injective if ker L = kernel L = {0}
(L is one-one). L is surjective if ran L = range L =Y (L is onto). L is bijective
if it is injective and surjective. L is a semi-Fredholm operator if ker L is finite
dimensional (dimker L < oo) and ranL is a closed subspace of Y. L is a
Fredholm operator if L is semi-Fredholm and ran L has finite codimension in Y
(codimran L < o0). If L is semi-Fredholm its index is ind L = codimran L —
dimker L. (L is Fredholm iff ind L < oo). See Kato [27].

Some classic results follow.

Lemma 2.6 (Peetre’s Lemma). Suppose X, Y, Z are Banach spaces such
that X — Z is a compact embedding. Let L : X — 'Y be a bounded linear map.
Then L is semi-Fredholm iff there exists ¢ > 0 such that

llullx < e(llLully + [lull2)

for all uw € X. If, in addition, L is injective then the term ||ul|z may be deleted.



11

See Peetre [36], Lions, Magenes [31].

Theorem 2.7 (Stability of Fredholm index). Suppose L : X —Y is semi-
Fredholm. Then there exists ¢ > 0 such that if L' : X — Y is a bounded linear
map and ||L—L'|| < ¢ then L' is semi-Fredholm andind L =indL'. If K : X —
Y is compact, linear then L + K is semi-Fredholm with ind(L + K) = ind L.

See Kato [27, Chap. 4, Thm. 5.17].

Theorem 2.8 (Elliptic Estimates). Assume (H1)-(H5), k> 2,1 < p < o0,
O<a<l,andletY = ZxV where Z and V are given by (2.6), (2.7) or (2.8).
Then there exists ¢ > 0 such that

lullx < e([[L(w)lly + [lull2) (2.9)

for all u € X. The constant ¢ depends only on w, m, E, A (see Remarks
above) as well as k, p, « in the definition of X. Furthermore, if u € W2P(Q)
and L(u) € WkE-2P(Q) x Wk-1/P2(8Q) (displacement) or L(u) € WF27(Q) x
Wk=L=1/PP(9Q) (traction) (k > 2, 1 < p < o0) then u € WHP(Q). Similarly if
ue0>(Q) (0<a<1)and Lu) € C*22(Q) x (C**(0Q) or CF~12(00))
(displ. or traction) then u € C**(Q).

See Agmon, Douglis, Nirenberg [4] and also Lions, Magenes [31], Triebel [43],
Wloka [46], [47]. In the case of the Holder spaces, (2.9) are called the Schauder
estimates. We note higher regularity results are included in this theorem when
k > 2. Also note

||L(u)||y — ||DiVC[VU]||k,2’p + ||u||W’“_1/P'P(BQ)7 if X = Wk,p(gl),
IDiv CIVulle oo+ by, i X = 0B (0),

for the displacement problem, or

1L ()l = Div C[Vul[ls—2,p + [|CVUln]l-1-1/m0(o0), i X = WHP(Q),
IDiv C[Vulllk—2,0 + [|[C[Vanlci-1.e(a0), if X =Ch(Q),
for traction problem.
Putting these three theorems together yields (C denotes the set of complex
numbers):

Theorem 2.9. Assume (H1)-(H5), k > 2,1 <p < o0, 0 < a < 1. Then
L in (2.5) is semi-Fredholm. Also for each A € C, Ly is semi-Fredholm and
ind L =ind Ly where Ly(u) = (Div C[Vu] — Au, B(u)), u € X.

Remark 2.10. Note that adding zeroth- (e.g. —\u) or first-order terms (with
sufficiently smooth coefficients) to Div C[Vu], or zeroth-order terms to the trac-
tion operator C[Vuln on 0Q is equivalent to adding a compact operator K to
L (cf. compact embedding of X in lower order spaces). The last statement in
Theorem (2.7) above then applies.
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Next we determine when L has index zero. We refer to a result of Schechter
[38], also in Lions, Magenes [31] in the W*2(Q) case (Hilbert space).

Theorem 2.11. Suppose (H1)-(H5) hold with a strengthening of (HI) and
(H2): 09 is locally C*-smooth and C(-)ji are C™-smooth functions on Q (k =
0o in (H1), (H2)). Letp=2: X = Wk2(Q), Y = Wk-22(Q) x WF-1/22(5Q)
(displacement) or Y = WHE=22(Q) x W*=3/22(9Q) (traction), k > 2. Assume
that L : X — Y is an injective map. Then L is surjective. The same statement
applies with Ly replacing L for any A € C.

Remark 2.12. This theorem asserts the classic statement that “uniqueness
implies solvability” since surjectivity of L is equivalent to solvability of the
boundary value problem in (2.4) for any b € Wk=22(Q), d € Wk=1/p2(9Q),
t € Wk=1=1/pr(9Q) or b € C*—22(Q), d € Ck*(90), t € CF—12(90).

The C'°°-smoothness assumptions in this theorem are made for convenience
in the proof in [31] and can be relaxed so that no restrictions are imposed
beyond (H1) and (H2). This is accomplished as follows. First, suppose the
coefficients of L (i.e. the C-tensor) satisfy (H2) and L : X — Y is injective.
Then approximate C with a sequence C,, of C*-smooth tensors in C*~!-norm
over () still satisfying (H3) and (H4). We call the corresponding operators L.
Then the elliptic estimates (2.9) hold with constant ¢ independent of n (the
constants m, E, A are independent of n) and with the term ||ul|z deleted (see
Peetre’s Theorem, e.g.,

o[ L)lly < e([[Ln(w)[ly +[[(L = L) (w)]ly)
c([[Ln(Wly + €nllullx)

ullx <
<

where €, — 0). Then L, is injective and satisfies the hypotheses of the theorem
above. Let b € WF=22(Q), d € W*~1/22(9Q). By surjectivity there exist
u, € Wk2(Q) such that L,(u,) = (b,d) for each n. Then the u,, are Cauchy
in Wk2(Q): |u,|lx < ¢||Ln(uyn)|ly = ¢||(b,d)|ly (u, are uniformly bounded in
X), and

lun —umllx < cf|Ln(un —um)lly
= C ||Ln(un) - Lm(um) + Lm(um) - Ln(um)”
= c|[(Lm — Lp)(up)|ly < Cen,mHum”X =0,

asn,m — oco. If uis the limit of u,, in X then it easily follows that L(u) = (b, d)
so L is surjective. Similarly for the traction problem. See also Agmon, Douglis,
Nirenberg [4] for this argument.

Second, suppose 9f) satisfies (H1). Then Q may be approximated from the
outside by a sequence of domains Q, (Q C Q,) with C*-smooth boundaries
such that the distance from € to 89, tends to zero as n — oo and the constants
w in (H1) uniformly approach that for 0 all along Q2. Then the unit normal
n is also uniformly approximated. To do this one may construct a function
F :R™ — R with the same smoothness as Q in (H1) such that Q = {x : F(x) >



13

0}, 00 ={x : F(x) =0} and R \ @ = {x : F(x) < 0}. Then uniformly
approximating F' with C'"*°-smooth functions F,, yields sets ,, = {F,, > 0} as
desired. By extending the C-tensor smoothly to 2, we may assume (H3), (H4)
still hold on Q,,, 9, respectively. The spaces X, Y change accordingly. Then
L still satisfies (2.9) and is injective on each domain 2,, (for n sufficiently large;
again the ||u||z term is missing). Let (b,d) € W 22(Q) x W#*~1/22(9Q) and
we extend b, d to functions in a neighborhood of Q. Again by surjectivity there
exist u,, € W"2(Q,,) such that L(u,) = (b,d) € W#=22(Q,) x WF1/22(5Q,,).
By (2.9) u, is bounded in W*2(Q) so has a weakly convergent subsequence
(again called u,); say u, — u weakly in W*2(Q). Then easily L(u) = (b,d) in
the original space Y. Thus L is surjective. Similarly for the traction problem.
See also Necas [34] (continuous dependence on domains).

Here is a sketch of the proof of Schechter’s Theorem (Theorem (2.11)). Let

Xp ={ueW"?*(Q)|B(u) =0 on 00},

and consider the bilinear form over Xp,
A(w,v) = / L(w)-L(v)dx, w,ve Xp.
Q

By the elliptic estimates (2.9) and injectivity of L, we see A is equivalent to
the W*2(Q)-norm on Xp. Let b € W*=22(Q). By the Riesz Representation
Theorem there is w € Xp such that A(w,v) = [,b-vdz for all v € Xp.
Let u = L(w) € W*=22(Q). Then by the difference quotient method it can
be shown u € W*2(Q) (regularity). By symmetry of L and integration by
parts it is easy to see DivC[Vu] = b on 2, B(u) = 0 on 0f). Now assume
the traction problem and let (b,t) € W*=22(Q) x Wk=3/2.2(9Q). It can be
shown that B is surjective onto V' (see Adams [1], Triebel [43]), so there exists
uy € Wk2(Q) such that B(ug) = t. By the above there exists u € W#2(Q)
such that L(u) = (b — DivC[Vuy],0) <= L(u+ ug) = (b,t). Thus L is
surjective. Similarly for the displacement problem.

Thus we may assume the C°°-smoothness assumptions are dropped in the
theorem above. So in the case X = W#2(Q) (k > 2) we have: L is injective =
ind L = 0. Similarly Ly is injective for some A € C = ind L = 0. To extend this
result to the general spaces X = W*P(Q) (1 < p < o0) or CH2(Q) (0 < a < 1),
k > 2 we appeal to the following.

Let X, = WhP(Q), Y, = WE=22(Q) x (WFL/PP(0Q) or Wh-1-1/PP(9Q)),
X, = O (Q), Y, = CF22(Q) x (CF2(99Q) or C*~12(9Q)) and let LP) de-
note the operator L) above mapping X, into Y}, and similarly L(®) maps X,
into Y, (A € C is fixed). We define a Property P:

1<pg<oo, 0<a<l, k>2,

if ue WhP(Q) and L) (u) € Y,, then

uec wWha(Q), (P)
if u e WEP(Q) and L) (u) € Y,, then

uc Cch(Q).
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Theorem 2.13.

i) Assumel < p,q < o00,0<a <1 and (HI)-(H5). Then Property P implies
a) dimker L") = dim ker L(9 = dim ker L(®);

b) codimran L) = codimran L(9) = codimran L(®;
¢) ind L®) = ind L(9 = ind L(®).

Ifind L® | ind L9 | ind LY are finite then the implication is an equiva-
lence.

ii) Property P is true.

Remark 2.14. In Theorem 2.13, if the Holder spaces are referred to, then the
corresponding portions of (H1), (H2) are assumed.

Remark 2.15. Part (i) is the reqularity result. Its proof can be found in
Morrey [33, Thm. 6.3.7] using potential integrals or can be proved more directly
by adapting a method of Grisvard [17], see Lemma 2.4.1.4 there.

Remark 2.16. Part (i) is a purely functional analytic result and shows the
index of L is independent of p and « provided Property P holds. Similarly the
indez of L is independent of k — see the elliptic estimate theorem above.

Thus we have

Theorem 2.17. Suppose X = WFEP(Q) or CH2(Q), & > 2, 1 < p < oo,
0 < a< 1. Suppose (H1)-(H5) hold. If there exists A € C such that Ly : X —»Y
is injective then ind L, =0 for all p € C.

We remark that if spectral constraints are imposed on L, e.g. the spectrum
lies in a sector S'in C, S = {A € C: ¢;1|ImA| < Re) — ¢} (see Kato [27])
then the resolvent set of L is nonempty and Theorem 2.17 yields the index of
L is zero. This is related to Agmon’s condition (see Simpson, Spector [40]),
also closely related to CC. It implies ||ullx < ¢||(L — AI)(u)|]y for all u € X,
Re A < ¢y with ¢ independent of such u, A (see Agmon [3]). Also in the special
case L (u) = DivC[Vu] — Au, X = WHk2(Q), k > 2, we have L, is injective for
nonreal A, Im A # 0: if u € ker L then

O:/ﬁ-LA(u)dx:—/Vﬁ-C[Vu]dx—)\/ lu|?dx,
Q Q Q

and symmetry of C implies the first term on the right is real so that fQ lu|? =0,
i.e. u= 0. By Theorem 2.17 it follows L, is injective over the spaces W*? (1),
cke(Q).

We finally remark that all the above theory applies to much wider classes
of linear elliptic boundary value problems as long as the boundary conditions
form a Dirichlet system (see Schechter [38] and Lions, Magenes [31]). Also by
interpolation, k£ may be a noninteger > 2, see Triebel [43].



Chapter 3

The Complementing and
Agmon’s Conditions

We examine the linearized elliptic boundary value problem in elasticity and its
relation to the complementing condition. For the pure traction problem this is
given by:
DivC[Vu]=b on Q,
ClVuln=t on 90.

Here 2 C R™ is an open, bounded region that an elastic body occupies in its
reference configuration. Its boundary 0 has outward unit normal n : 92 — R™.
We assume

(H1) Q C R" is open, bounded and 99 is locally C*-smooth, see Adams [1, p.
67]. Thus n(-) is C'-smooth on 99.

(3.1)

(H2) The components C(-);jx of C are C'-smooth on Q for all i, j, k, I.

(H3) C(-)ijir = C(-)rij on Q for all 4, j, k, [ (symmetry) and the C—tensor
is elliptic: the n x n matrix function M(x) with components M;,(x) =
Z?J:l C(x)ijr&;& has nonzero determinant for each x € Q) and each (real)
&E=(&,...,&) € R*\ {0}. A stronger form is strong ellipticity

> C)ijrmi&imé >0

i gkol=1
for each x € Q, ¢&,m € R \ {0}.

With these assumptions the boundary value problem (3.1) is elliptic and
symmetric. We could also consider displacement boundary condition with u(x) =
d(x) replacing (3.1)2 where d : 92 — R” is a given (displacement) function and
we remark on this below.

We review the elliptic estimates corresponding to (3.1). Let X stand for the
Sobolev space W#P(Q) with corresponding norm (see Adams [1]), k > 2 is an

15
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integer, 1 < p < co. Let Y = W 2P(Q) x Wk-1-1/P2(9Q) (the latter is a
trace space on 9€) and let Z = W*~27(Q). We define the operator

L(u) = (Div C[Vu],C[Vu]n),

for u € X. Under (H1), (H2), L: X — Y is a bounded, linear map. Assuming
(H1), (H2), (H3) and the complementing condition (defined below) we have the
elliptic estimate: there exists ¢ > 0 such that

lullx < e([[L()lly + [lullz), (3-2)

for all u € X; c is independent of u and depends only on 99, ||C())||c1(q), an
ellipticity constant and the complementing condition, as well as k, p. See, for
example, Agmon, Douglis, Nirenberg [4], Lions, Magenes [31], Morrey [33].

Definition 3.1. Let xy € 09 be fixed and define the open halfspace
H={xeR": (x—xp) n(xg)<0}.

(OH is tangential to O at x¢). Consider the linear boundary value problem on
H

Div Cy[Vv] =0 on H,
(3.3)
By(v) =0 on OH,
where the unknown v : H — R" has the particular form
v(x) = w(t)e'® X, (3.4)
for some & € R" \ {0}, € is orthogonal to n(xp), t = —(x — Xg) - n(xp) is

the normal variable pointing positively into H (¢ > 0), w : [0,00) — R" is
exponentially decreasing as ¢ — +o00. Here Cy = C(xp) is a constant fourth
order tensor (frozen at xg); and Bo(v) = v (for the pure displacement problem)
or By(v) = Co[Vv]n(xp) (in case (3.1)2). Then complementing condition (CC)
holds at xg iff the only such solution of (3.3) is v identically zero on H (w
identically zero) for all £ € R \ {0}, € orthogonal to n(xg).

(See Agmon, Douglis, Nirenberg [4], Valent [45].) Note the problem in (3.3)
is linear with constant coefficients and when (3.4) is substituted into (3.3) we
obtain an equivalent ordinary differential system (in w) of the form

dw

d>w .
Co {—@n} n+iCy {dt

ar @ 5] o

+ ZCO [(L—‘: ® Il:| E - Co[W ®£]£ = 0, t e [0,00), (35)

Co {i—?@n]n-l—ico[w@ﬁ]nzo, at t =0,

on the half-line ¢t > 0; here n = n(xo) and (a®b);; = a;b;. By ellipticity, half the
solutions of the differential equation in (3.5) are exponentially decaying as ¢t —
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0o. By substituting suitable exponentials in (3.5) the problem becomes purely
algebraic. Then a particular determinant A(xg,&) being nonzero is equivalent
to forcing w to be identically zero; the CC holds at xq iff A(x0,&) # 0 for all
&€ € R" \ {0}, & orthogonal to n(xg). The functions v are oscillatory tangential
to OH (or 09Q) and exponentially decaying into H. We note that in Agmon,
Douglis, Nirenberg [4] an equivalent formulation is given to (3.3), (3.4) above
that is more directly of an algebraic nature; this involves looking at the roots 7
of det ZZZZI C(x0)ijr (€& + ™) (€ + Tn)l] (with €, n as in (3.4)) in the upper
half-plane, Im 7 > 0, and their relation to the boundary operator.

It is shown in Agmon, Douglis, Nirenberg [4, p. 83] that if (3.2) holds then
(H3) and CC (complementing condition) follow. The latter is proved as follows.
Suppose (3.2) holds but CC fails at xo € Q. Then by means of a C?-smooth
invertible map we may straighten the boundary of {2 near xy and obtain the
estimate (3.2) locally on the half-space H (see definition of CC):

lallw2r ey < ¢ ()| oy xwr/oe o) + 1l Le) (3.6)

for all u € W2P(H) with the support of u contained in a half-ball B, = {x € H :
|x — xo| < r} — see Agmon, Douglis, Nirenberg [4, Thm. 10.4]. By reducing
the radius r of B, we may replace L(u) with Lo(u) = (Div Co[Vu], Co[Vuln)
where Cy = C(xp) (a constant 4-tensor frozen at xp), n is the outward unit
normal to O0H at xg. Here we use that

ICE = Lo) (@)l oy 170001y < € llwn ),

with
e(r) = sup |C(x) — C(xp)] =0 asr —0.
xEB,

Now let v be a nontrivial solution of (3.3) of the form (3.4) for some & and w,
and define for p > 0, v, (x) = p=2*"/Pv(ux), x € H and let ¢ : H — R be a
C* cut-off function with support in B, so that ( is zero in a neighborhood of
the curved part of 0B,. By homogeneity the functions v, satisfy (3.3) on H for
all 4 > 0. Let u = (v, on H; it is readily seen that

Hu“LP(H)a ||Lo(u)||Lp(H)xW1—1/p-p(aH) =0 asp—0,

while [|ul|w2»(f) remains bounded away from zero' as g — oo. Thus (3.6)
is violated and therefore also (3.2). We see that if CC is violated then the
particular relation between the boundary operator C[Vu]n and the differential
operator Div C[Vu] is such that a certain class of functions localized near the
boundary of  causes the estimate (3.2) to fail; this class of functions has
arbitrarily high-frequency oscillatory behavior tangential to 9Q (e#é (x=%0)) and
exponential decay normal to the boundary (w(ut)) along with any suitable cut-
off function to localize near 02. We see this phenomenon below also in relation

1Lo(u) = (Lo(v,)+ terms involving lower order derivatives of v, ; this also uses the special
form (3.4) assumed for v.
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to the quadratic form associated to (3.1). Finally, the proof that ellipticity
(H3) follows from (3.2) at every point of () is very similar (utilizing a similar
high-frequency class of functions u,, 4 — 00) — see Agmon, Douglis, Nirenberg
[4].

We note that if the boundary condition is (3.1)2 is replaced with displace-
ment (Dirichlet) type so u = d is specified on 99Q, d : @ — R” is a given
element of W#=1/P2(5Q), then (3.3) is modified accordingly so v = 0 on 9H.
Then we have that the CC holds at every xo € 9. This follows from Garding’s
inequality

eullullz2(a) + callullwao) < /Q Vu - C[Vu] dx, (3.7)

for all u € Wy*(Q) (u = 0 on Q) with ¢, > 0, ¢; € R constants independent

of u. Then a result below concerning the quadratic form on the right in (3.7)

yields the CC on 9. For a proof of (3.7) see Garding [16], Friedman [15].
Next we define now a condition similar to the complementing condition.

Definition 3.2. Let xo € 99 be fixed and define H as in (3.3). We consider
the problem
Div Co[VV] = av, in H,

Co[VVvn(xo) =0, on 0H, (3.8)

where o > 0 and v is exactly as in (3.4), £ € R” \ {0}, £ orthogonal to n(xo).
Then we say Agmon’s condition holds at xg iff all such solutions v in (3.8) of
the form (3.4) are identically zero in H for all such £ and all a > 0.

Again (3.8) can be reduced to an ordinary differential equation in w on
the half-line + > 0 and this in turn is equivalent to an (algebraic) determinant
condition. See Simpson, Spector ([40], [41]), Friedman [15]. We note that
Friedman says the strong complementing condition holds at xo € 90 iff CC and
Agmon’s conditions hold at xg.

We note Agmon’s condition is related to the dynamic problem

: Fu
Div Cp[Vu] = o in H, (3.9)
Co[Vuln(xq) =0, on 0H,

where we look for solutions of the form
u(x,t) = v(x)exp (a1/2t) ,

and v is a bounded exponential that decays normal to 0H. If v(x) is as in (3.4),
then u(x,t) represents a surface oscillation in x along OH propagating in time
and is called a Raleigh wave. If Agmon’s condition fails then such waves exist
with a > 0. Thus dynamic instability near O H would follow.

It was discovered by Agmon ([2], [3]) that his condition is intimately related
to spectral properties of the operator u — Div C[Vu]. We assume (H1), (H2)
and the strong ellipticity condition for C (which implies (H3)). Also assume CC
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and Agmon’s condition hold on 9. Then as shown in Agmon [3] there exist
c1,C2,€ > 0 such that

erllullipson ) < [IDiv V] - joul|ye-ss o) (3.10)

for all (complex) u € WkP(Q) such that C[Vujn = 0 holds on 9Q and all
complex p with |argu| < § + €, |u| > ¢z (c1, c2, € independent of u). To
prove (3.10), adjoin a new variable x,,11 to x and consider the elliptic operator

M|[v] = Div C[Vv]+ 822" in R**! over a cylindrical domain Q, = Qx (—r,r) C
nt1

R*1, r > 0; v : Q. — R™. Then strong ellipticity, CC and Agmon’s condition
imply that the extended operator L' = (M, C[V-|n) is strongly elliptic on €2,
and satisfies the CC on 0(,.. Then an estimate like (3.2) applies to L' over ,;
in fact, a local estimate (see Agmon, Douglis, Nirenberg [4]) of this form yields

cslle(@ni)u(x)[lwrr ) < IMp(Eni1)e(@ni)a(x)]llwe-2r(a,)

+ lo(@n+1)e(@ns1)u(x)l e, (3.11)

where e(zn41) = exp (i|u['/?z,41), ¢ : R = R is C* with support in (—2,2)
and o = 1 on (—1,1), u € W*?(Q) with C[Vu]n = 0 on 0, and

V(X Eni1) = P(Tny1)e(Tntr)u(x).
Then
Mpeu] = p(xp41)e(zpt1)(Div C[Vu] — pu) + lower order terms,

and (3.10) follows readily from (3.11) provided p is sufficiently large and positive.
A similar argument applies for all u mentioned below (3.10).

If we consider the operator A(u) = Div C[Vu] as acting in W*~2P(Q) with
domain D(A) = {ue Wh?(Q) : C[Vuln=0on 00} then A is closed (see
(3.2)) and by (3.10) it has no eigenvalues u in

T
S:{MEC: |argu|<§+e, |u|>02}.

In fact it can be shown that A is Fredholm with index zero so A — ul (I =
identity operator in W*=2P(Q)) is bijective if u € S which yields that S is a
subset of the resolvent set of A; the spectrum of A lies in a set in C which
includes the negative real axis. Thus A’s spectrum is bounded above in real
part. See Agmon [3].

We next investigate the interplay between the CC and Agmon’s condition
and a quadratic form associated with the tensor C and boundary value problem
(3.1). We define the bilinear form

Q(u,v):/QVﬁ-C[VV]dX
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for u,v € Wh2(Q). Here we use the Euclidean scalar product over R"*" so
that

Va- C[Vll] = Z Vﬁ(X)i]’Ci]’kl (X)VV(X)kla x € .
4,7,k,l=1

The associated quadratic form is Q(u) = Q(u,u), u € WH2(Q2). Note that the
symmetry of C (see (H3)) implies that Q(u,v) = Q(v,u). An example of the
use of Q is in Garding’s inequality (3.7) which holds on W, *(2) (zero trace on
o).

We say @ is coercive over W2(0Q) iff there exist co > 0, ¢; € R such that
(3.7) holds for all u € Wh2(Q). In the case 9Q is the union of disjoint parts
001 U0y, and Dirichlet data is specified over 921, we say @ is strictly positive
over Wh2(Q) iff Q(u) > 0 for all u € W?(Q) \ {0} such that u = 0 on 9.
We shall also consider weakened versions of (H1), (H2):

(H1)’ Q C R” is open, bounded and 99 is locally C''-smooth.

(H2)" C(-)ijm are continuous and C(+)ijrr = C(-)rij (symmetry) on Q for all 4,
Ji K, L

We have some results:

Theorem 3.3. Suppose (H1)’, (H2)’ hold. Suppose Q is strictly positive over
W12(Q). Then Q is coercive with ¢, = 0 iff

i) C(x) is strongly elliptic for each x € Q,
ii) CC holds on 0.
Theorem 3.4. Suppose (H1)’, (H2)’ hold. Q is coercive over WH2(Q) iff
i) C(x) is strongly elliptic for each x € Q,
ii) CC and Agmon’s conditions hold on Of).
We say @ is (sequentially) weakly lower semicontinuous on W12(Q) iff
liminf,, o Q(u,) > Q(u) whenever (u,) is a sequence in W2(Q) that con-
verges weakly in W'?(Q) to u € W'2(Q), u, — u.

Theorem 3.5. Suppose (H1)’, (H2)’ hold, C(x) is strongly elliptic for all x € Q
and CC holds on OQ2. Then the following are equivalent:

i) Q is weakly lower semicontinuous on W12(Q),
i) Q is coercive over WhH2(Q),

iii) Agmon’s condition holds on 0.
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Next, assuming (H1), (H2) we define the operator
A(u) =DivC[Vu], ue€ D(4),

where
D(4) ={ue W?*(Q)| C[Vuln=0on 80} C L*(Q),

is the domain of A. Then A is a densely defined, closed operator in L(f2). Tt
can be shown

Theorem 3.6. Suppose (H1), (H2), (H3) hold, C(x) is strongly elliptic for all
x € Q, and CC holds on 0. Then

i) A is self-adjoint,
ii) A is Fredholm with index zero,

iii) the spectrum of A consists of a countable number of real eigenvalues with
no finite accumulation point,

iv) the eigenspace corresponding to each eigenvalue is finite dimensional,

v) A has a sequence of L*(2)-orthogonal eigenfunctions the closure of whose
span equals L?(9).

We say the spectrum of A is bounded above iff there exists ¢ € R such
that A < ¢y for all A in the spectrum of A. For example, the spectrum of the
Laplacian with Neumann boundary operator is bounded above by any positive
C.

Theorem 3.7. Suppose the hypotheses of Theorem 3.6 hold. The following are
equivalent:

i) the spectrum of A is bounded above,
ii) Agmon’s condition holds on OS2,
i) Q is coercive over WH2(Q).

The implication (iii) = (i) is immediate and (ii) = (i) follows directly from
(3.10). Also (i) = (iii) follows from a variant of Theorem 3.3 by replacing
A with A — uI for p sufficiently large (I = identity in L2(f2)) so @ becomes
strictly positive over W12(Q). Finally (iii) = (ii) follows by a contradiction
argument. In fact, just as in the proof that (3.2) implies CC we employ a family
of functions localized near a straightened portion of 02 with arbitrarily high
oscillatory frequency tangential to 9 and exponentially decaying into (2 normal
to 0Q. The equivalence (i) < (ii) is due to Agmon [3]. Similar arguments
apply in portions of Theorems 3.3, 3.4, 3.5. For proofs of Theorems 3.3-3.7,
see Simpson, Spector [40]. Thus the failure of certain coercivity and spectral
boundedness properties for () and A respectively is closely related to the failure
of either the CC or Agmon’s condition in the vicinity of a point of 9€2. We note
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that the eigenfunctions u,, of A become more oscillatory as n — oo (eigenvalues

Ap = £00).
Again we note a relation to the dynamic problem (3.9). If the spectrum
of A is not bounded above then there exist solutions u(x,t) = u,(x)ev* !

where \,, u, are eigenvalues and eigenfunctions of A with A, — +o0o. Thus
there is dynamic instability with arbitrarily high exponential growth in time
representing a most extreme form of instability.

We note some related results in the case of the Lame tensor associated with
linear elasticity. We consider the special case C[H] = u(H + H?) + A(trace H)I,
H € R**", for some constants p, A € R (Lame moduli), see Gurtin ([20], [19]).
We have

i) C is strongly elliptic iff 4 > 0 and A+ 2u > 0,
ii) CC holds iff u+ X # 0,
iii) Agmon’s condition holds iff 4+ A > 0,

assuming strong ellipticity in (ii) and (iii). Part (i) is well-known (see Gurtin
[20]) and (ii), (iii) are proved by direct means from the definitions in Simpson,
Spector [40]. Also, when n =2, 4 > 0 and g+ A > 0 iff C is positive definite
(i.e. H-C[H] > 0 for all symmetric H € R**™, H # 0). Thus by Theorem 3.7,
for general n, Q is coercive over W1:2(Q) iff u > 0, u + X > 0. Finally, we note
that when n = 2 and p+ A = 0 (CC fails) then (3.1) with b = 0, t = 0 has
infinitely many linearly independent solutions of the form u = (u1,us) where
w1 (1, T2) +ius(x1, x2) is an analytic function of z = 1 +ixs on 2, see Simpson,
Spector [39]. Thus ker L has infinite dimension.

We now relate Agmon’s condition to the notion of quasiconvexity at the
boundary. We consider a hyperelastic material with (finite-valued) stored energy
function W so that E(f) = [, W(Vf(x)) dx equals the total stored energy in a
material when the body in 2 is deformed by f : § — R™. Then we say f; is a
strong local minimizer of E iff there exists € > 0 such that E(fy) < E(f) for all
deformations f such that supg |f — fo| < €. The following is in Ball, Marsden
[9]. Here B denotes any ball in R™.

Theorem. Let fy be a strong local minimizer of E. Then for every xo € 09}

W (Fp)dx < W(Fo + Vu(x)) dx, (3.12)
HB HB
for any u € C'(HB) such that u = 0 in a neighborhood of the curved part of
O(HB). Here Fy = Viy(x9) and HB is the half-ball {x € B| (x—xp)-n(x9) < 0}
(n(xq) is the outward normal to O at x¢ ).

The condition (3.12) is called quasiconvexity at the boundary and is a “half-
ball version” of quasiconvexity (see Ball [8]). By linearizing (3.12) we see that
a necessary condition for fy to be a strong local minimizer of the energy F is

Vu - Cp[Vu]dx >0 (3.13)
HB
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for all u € WH?(HB) such that u = 0 on the curved part of O(HB). Here
Co = C(Vf(x0)) and the 4-tensor C is the second derivative of W (cf. (1.19)).

We have
Theorem 3.8. Necessary and sufficient conditions for (3.13) to hold are:

i) Co satisfies the Legendre-Hadamard condition:

n

> (Codijumiéimeén > 0,

ig,k =1
for all &,m € R*;
ii) Agmon’s condition holds on the flat part of 9(HB),
i) if (a®n(xg)) - Cola®n(xg)] = 0 for some a € R, then Cola®n(xp)] = 0.

For a proof see Simpson, Spector [41]. We note CC may fail if (3.13) holds.
Finally, we note that in some sense the failure of the CC is at the “limit” of

Agmon’s condition also failing.

Theorem 3.9. Let C;, t € [0,1], be a one-parameter family of constant 4-
tensors, continuous in t. Suppose, for each t, C; is symmetric and strongly
elliptic. Let H be a fixed half-space with unit normal n. Consider Agmon’s
condition with C; replacing Co in (3.8), n = n(xq). If Agmon’s condition holds
for t =0 but fails at t =1 then there exists v € [0,1] such that CC fails for C,.

See Healey, Simpson [26].
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Chapter 4

Brower and Leray-Schauder
Degree

Here we sketch some of the basic ideas and properties of the degree of certain
classes of mappings. Again, no attempt is made of a complete treatment. We
refer the interested reader to, e. g., [BB], [D], [S], and [Z] for comprehensive
coverage of this topic.
Consider a mapping F: O C X = Y, where X, Y are real Banach spaces,
and the equation
F(z) =y. (4.1)

In the absence of directly solving (4.1), which is generally too difficult, an
important task is to compute the number of solutions of (4.1), denoted here by
N(F,O,y). Unfortunately, N(F,Q,y) is generally not continuous in F or y. For
example, consider F(z) = 22 in R. Clearly, for 2> =y N(F,0,y) =2,1,0
for y >0,y =0, y <0, respectively.

The difference between the root count N(F,O,y) and the “degree”, denoted
d(F,O,y), is that the latter has the above-mentioned continuity properties,
which are desirable for at least two good reasons. First, without continuity, a
small error in F' or y could lead to a large error in the degree. Second, as
will become clear later, it may happen that d(F,,O,y) is easy to compute for
some specific mapping Fj,, and then, by continuity, we get d(F,O,y) for some
“nearby” mapping F.

4.1 Brouwer Degree

Consider (4.1) with F': O C R* - R*, O open and bounded, and y € R*. We
make the following assumptions:

i) y g F(00) = {y = F(x) : x € 00}.
ii) F e C'(O,R).
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iii) y is a regular value of F' on O, i. .e, for any solution x, € O of (4.1), we
have
det(DF'(x,)) # 0, (4.2)

where F(x,4+m) = F(x,)+DF(x,)n+0(|n|) as |n| — 0, i. e., the Jacobian
matrix of F at x, is non-singular.

In view of (4.2), the inverse function theorem implies that every solution of
(4.1) in O is isolated, i. e., it is the only solution of (4.1) when F' is restricted

to some small neighborhood of that solution point. Since O is compact (being
closed and bounded in R"), we conclude that

F~Y(y)N O is a finite set, (4.3)

where F~!(y) = {x € X: F(x) = y}. (Otherwise, for an infinite set of distinct
solutions, we would have a subsequence of solutions converging to a nonisolated
solution of (4.1) in O.)

Given the above assumptions (i)-(iii), we define the indez, or local degree, of
F at a solution x, € O of (4.1) via

i(F,X,,y) = sign(det DF(x,)), (4.4)

where sign(z) =1, if z> 0, and sign(z) = -1, if z < 0.
The Brouwer degree is then defined by

deg(F,0,y) = > i(Fx,y), (4.5)
xeF—1(y)nX

with the understanding that deg(F,O,y) =0, if F~l1(y)NnX = 0.

Assumption (i) is needed to insure continuity of y +— deg(F,O,y). As a
simple illustration, consider F(z) = 2z on O = (—1,1) C R Of course for
mappings in R, the index reduces to the sign of the slope. Hence, we have
deg(F,0,y) = 1,0, for |y| < 2, |y| > 2, respectively. Observe that F(00) =
{£2}.

Assumptions (ii) and (iii) can be relaxed. We begin with (iii), i. e., suppose
that y is not a regular value of F. According to Sard’s Theorem, if we let
C ={x € O: det DF(x) = 0}, the F(C) has R"-measure zero. Thus, for any
€ > 0 we can find a regular value y. of F' on O such that |y —y.| <e. In
particular, we must choose |y — y.| < infxeso |F(x) — y| to insure that y.
satisfies assumption (i). We then define

deg(Fa 07 Y) = deg(Fa 07 Y*) (46)

Of course, for (4.6) to be reliable, one must show that the degree is indepen-
dent of the choice of y. , i. e., deg(F,0,y.) = deg(F,O,y) for all regular values
v+, ¥ sufficiently close to y and belonging to the same (connected) component
of R*"\F(90). The latter is readily established via methods of vector integral
calculus, cf. , [S].
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xOR"

Figure 4.1: Domain of definition of the function H of the homotopy invariance
property.

To relax assumption (ii), suppose that F' € C(O,R"). By the Stone-
Weierstrass Theorem, there is a mapping F € C'(O,R") such that for any
€ > 0, we have

max |F(x) — F(x)| < e. (4.7)
xeO

Accordingly, for € < infxeoo |F(x) —y|, we define
deg(F,0,y) = deg(F, O, y). (4.8)

Again, one must show that (4.8) is independent of the specific choice of
F. If F is another C* mapping satisfying (4.7), the fact that deg(F,O,y) =
deg(ﬁ',@,y) follows as a special case of homotopy invariance (stated below
(d2)-set H(r,x) = (1 - 7)F(x) + 7F(x), 0 < 7 < 1).

From our point of view, the two most important properties of the degree
are:

(d1) (Existence) If deg(F,O,y) # 0, then (4.1) has at least one solution.

(d2) (Homotopy Invariance) deg(F, O,y) is continuous (hence, constant in the
respective connected components) with respect to its arguments.

A more precise and useful version of (d2) is the following: Let A C [, 72] X
R" C R**! be open and bounded, and define (see Figure (4.1))

A ={xeR": (1,x) € A}. (4.9)

Let H : A:— R" be a continuous function and y : [r,72] = R® a continuous
curve such that y(r) € H(r,0A;) V7 € [11,2]. Then,

deg(H(T,-), Ar,y(1)) = const. Y7 € [11, T2]. (4.10)
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In particular, if A, =0 for some 7, € [r1, 2], then deg(H(7o,"), Ar,,y¥(10)) =
0.

Remark 4.1. The “text—book” wversion of homotopy invariance is typically
stated for “cylindrical” domains Q = [a,b] x O with y € R" such that y ¢
H(r,00) V1 € [a,b].

Other properties of the Brouwer degree are the following;:
(d3) (Normalization) Let I denote the identity map on R"™. Then

1, if yeO,

(d4) (Additivity) Let O, O2 C R™ be open, bounded sets with Oy N Oy = 0,
F e C°(0O1U0,,R") and y ¢ F(00,U005). Then, deg(F,O1UO,,y) =
deg(F, O1,y) + deg(F, O2,y).

(d5) (Excision) If {x € O; : F(x) = y} C Oy C Oy, then deg(F,01,y) =
deg(Fa 027 Y)

4.2 Leray-Schauder Degree

Next we consider (4.1) in the case where X is an infinite-dimensional Banach
space and X = Y. At this level of generality, it is well known that there is
no degree having all the properties of the Brouwer degree in R”. For exam-
ple, the group of invertible linear operators, GL(X), is generally connected,
cf. , [K] (unlike GL(R"™) which has two connected components — GL*(R") and
GL(R™)\GL™(R™) - this is at the heart of Definitions (4.4) and (4.5)). Also,
there exist continuous mappings of the closed unit ball in an infinite—dimensional
Banach space into itself having no fixed points, cf. , [B].

Leray and Schauder discovered a generalization of the Brouwer degree to
the important class of mappings of the form F(z) = z + f(x), where f: O C
X = Y is compact, i. e., for any bounded sequence {z,} C X, the image
sequence {f(z,)} has a convergent subsequence. Mappings of this type, viz. ,
I+ f, “identity plus compact”, arise naturally in applications when boundary
value problems are converted into equivalent integral equations (as we will see
in Chapters 5 and 6).

Consider (4.1) with y = 0 (temporarily), F(z) = = + f(z), where f: O C
X — Y is continuos and compact (i. e., completely continuous), O is open
and bounded, and 0 ¢ F(00). The key observation here is that f|5 can be
uniformly approximated by mappings with finite—dimensional range. That is,
for any € > 0 there is a mapping f. : O — X,,,, with dim X,,, = n. < oo, such
that

max || f(z) — fe()[Ix <e. (4.11)
€0
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Example 4.2. Let k : [0,1] x [0,1] - R and ¢ : R — R be continu-
ous functions. Let X be the space C([0,1]) with the “sup” norm |z|| =
max,eo,1] |2(s)|. Consider the integral operator f: X — X defined by

f() = / K(s, £)g(x(t))dt.

A routine application of the Arzela—Ascoli’s Theorem reveals that f is compact,
cf. [LS, p.229]. To verify (4.11), observe that by Weierstrass’ Theorem, there is
a sequence of polynomials {p,(s,t)} converging uniformly to k(s,t) on [0,1]?,
i. e., given any € > 0 there is a natural number N such

k t) — pn 7t Aa
(s,t)mé?éﬁH (s,t) —pn(s,t)] <€

for all n > N. Define

1
50 = [ pals et (412
0
Given z € X, observe that the right-hand side of (4.12) is a polynomial in “s”,
i. e., the range of f: is finite—dimensional. We then have

If(x) = fe(o)||x = srél[zoiﬁ]

/0 [k(s, 1) — pn(s, D)lg(z(2))dt| < EM([l]),

where M(”CUH) = MaXgse[—||z]|,||z]|] |g(S)| For 6 cX bounded, let a = max{||:n|| :
r € O} and define M = M(a). Then (4.11) follows with ¢ = M.

Returning to (4.11) in the general setting, set O. = O N X,,,, and define
F. =1+ f.. Since 0 € F(00), we also have 0 ¢ F.(00,) for € > 0 sufficiently
small. Hence, the Brouwer degree, deg(F:, O¢,0), is well defined. Moreover, we
define the Leray—Schauder degree via

deg(F,0,0) = deg(F:,O,0), and
deg(F,0,y) = deg(F —y,0,0), (4.13)

for ¢ > 0 sufficiently small. Homotopy invariance, cf. (d2), of the Brouwer
degree insures that (4.13) is independent of the specific choice f. : O — X,,.
By construction, the Leray—Schauder degree has all of the properties, (d1)—(d5),
of the Brouwer degree (with X in place of R").

Finally, we need a formula analogous to (4.4) for computing the index or
local degree in the regular value case, viz. , suppose that z, € O is a solution
of (4.1), that f is differentiable at x,, and that DF(z,) =1+ Df(z,) € L(X)
is bijective. Thus for some « > 0, we have that ||DF(z,)n| > alln||, Vn € X,
which insures that z, is the only solution of (4.1) in a sufficiently small ball
centered at x,, denoted Bs(z,) = {z : ||z — z,|| < §}. Then for the mapping
H(r,z) = (1-7)(F(z)—y)+7DF(z,)(z—x,), it follows that 0 ¢ H(7,0Bs(x,)),
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0 <71 < 1. Observe that Df(z,) € L(X) inherits complete continuity from that
of f(z). Homotopy invariance (d2) then yields

’L(Fa Lo, y) = deg(F - Y Bé(mo)v 0) = deg(I + Df(mo)a Bé(mo)a 0) (414)
We use (4.13), and (4.4) to compute the degree in the last term of (4.14), i. e.,

deg(I+Df (o), Bs(z,),0) = deg(I+Dn,, Bs(zo)n.,0)
sign(det((I+ Dy, )|x,.)) (4.15)
= (_1)m7

where D,,_ : Bs(z,) — X,,. is finite-range map approximating Df(z,) as in
(4.11), Bs(xo)n. = Bs(x,) NX,,, € > 0 is sufficiently small, and the number
“m” denotes the number of real, negative eigenvalues of (I+ Dy, )|x,,, counted
by algebraic multiplicity. Since (4.14) is independent of £ > 0 sufficiently small,
we conclude that “m” in (4.15) is also the number of real, negative eigenvalues
of I+Df(x,).

Remark 4.3. Henceforth we consider operator equations of the form (4.1) with
y = 0. Accordingly, we adopt the notation

deg(F, O) = deg(F, 0, 0). (4.16)



Chapter 5

Global Continuation and
Bifurcation

In this chapter we demonstrate how to use the degree to study “global” solutions
of operator equations of the form

G\, u) =0, (5.1)

where G : R x X — X, and X is a real Banach space. We assume that G is
continuous, and if X is infinite dimensional, we assume that

G\ u) =u—g(\u), (5.2)

with g completely continuous.

We spend more time by far on global continuation, which is in some sense
a global version of the implicit function theorem, than on global bifurcation.
Indeed we do not have adequate time to devote to local bifurcation bifurcation
theory, which plays an important role in the global theory.

For the continuation problem, we assume that

G(0,0) = 0. (5.3)

Suppose that
u + G(0,u) is differentiable at u =0, (5.4)

and assume that the (Frechét) derivative
D,G(0,0) =1+ K, € L(X) is bijective. (5.5)

For motivation only, suppose that mapping G is locally C! in some neighbor-
hood of the known solution point (0,0). Then, the implicit function theorem
yields the existence of a unique local solution curve containing (0,0):

Tloc = {(A,a(N) = [A] <6}, (5.6)
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ub X

loc

neighborhood

Figure 5.1: Local set ¥} . of solutions of (5.1) given by the curve 4(-) in a small
neighborhood of (0, 0).

where @(0) = 0, and where all solutions of (5.1) in some sufficiently small
neighborhood of (0,0) arein X;,.. (See Figure (5.1).)

Although the existence of the curve ¥, is not necessary, in some sense, a
“global” result is one characterizing solutions connected to (0,0) “beyond” the
small nieghborhood containing ¥i,..

Before proceeding, we make a crucial observation for the case when X is
infinite dimensional (cf. (5.2)):

Lemma 5.1. Any bounded set of solutions of (5.1) is compact.

Proof. If X is finite dimensional, the result is obvious. In the infinite—dimensional
case, let {(An,un)} be a uniformly bounded sequence of solutions of (5.1), i.e.,
from (5.2)

Un = —g(An, Un) (5.7)
[An] + [Junll < M.

By the compactness of g(-), {g(An,un)} has a convergent subsequence (not
relabelled), g(An, un) — g«, and clearly {\,} converges as a subsequence, \,, —
A«- Then, by (5.7) u, — u. = —g« (as a subsequence). From continuity,
(As,uy) is a solution of (5.1). O

Theorem 5.2 (Leray—Schauder (LR), Rabinowitz (R)). Given the hy-
potheses (5.2)-(5.5), let ¥ C R x X denote the mazimal connected set of solu-
tion pairs (A\,u) of (5.1) containing the known solution point (0,0). Then X
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uld X udXx

Figure 5.2: A schematic sketch of the two alternatives in Theorem (5.2): ¥ is
unbounded in R x X (left) or £\{(0,0)} is connected (right).

is characterized by at least one of the following:

(i) X is unbounded in R x X,
(it)  X\{(0,0)} is connected. (5.8)

Proof. Suppose that neither (5.8)(i) nor (5.8)(ii) hold. In particular, since ¥
is bounded, it is compact, cf. Lemma 5.1. Thus, by the separation theorem for
compact sets (cf. [Ra], [Z]), there is a bounded open set A C R x X such that
Y CcA and 95N A =0. Now (5.5) insures that v =0 is an isolated solution
of G(0,u) = 0 in some sufficiently small open ball of radius § > 0 centered
at u = 0, denoted by Bs(0) C X. Accordingly, we may choose A such that
A, = Bs(0), where A, is as defined in (4.9) (with X in place of R"). In view
of (4.14), (4.15) and (5.5), we have

deg(I+¢(0,-),A,) #0.
On the other hand, for |A| sufficiently large, say A = A, we have
deg(T+ g(As,-), Ax.) =0,
which contradicts homotopy invariance of the degree. O

The global continuum of solutions X, given by Theorem 5.2, is called a global
solution branch. As we shall see in Chapter 6, it is sometimes possible to rule
out the characterization (5.8)(ii) of ¥ by showing that w = 0 is the unique
solution of G(0,u) = 0. This is, for example, if we assume that ¢(0,u) = 0
YV u € X. In any case, if v = 0 is the only solution of (5.1) for A =0, define

St o= 2n([0,00) x X), (5.9)
ST = 2n((—0,0] x X).
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udXx

Figure 5.3: The solution branch ¥ blowing—up before reaching A = 1.

We then have
YT=XtUuY withErn¥ = {(0,0)}. (5.10)

The same argument employed in the proof of Theorem 5.2 yields:

Corollary 5.3. If u = 0 is the unique solution of G(0,u) =0, then T and
X (¢f. (5.9), (5.10)), are each unbounded in R x X.

Related to results like those of Theorem 5.2 and Corollary 5.3, is the Leray—
Schauder continuation principle. The basic idea is to consider a one—parameter
problem like (5.1), (5.2) for which (5.1) at A = 0 is “easy” to solve, e.g., with
g(0,u) = 0, while the A = 1 problem is difficult, but where one hopes to get
existence via non—zero degree. Without extra information, this may not be
possible — as in Theorem 5.2 or Corollary 5.3, the solution branch could “blow—
up” without attaining A = 1. (See Figure (5.3).) However, if the solutions of
(5.1) for any A € [0,1] are somehow known to be a—priori bounded, viz.,

[|u|| < M V(N u) €[0,1] x X satisfying (5.1), (5.11)
then we have:

Theorem 5.4 (Leray—Schauder continuation principle). Assume the a—
priori bound (5.11) holds, and suppose that

deg (G(07 ')7 BM(O)) # 0,

where B37(0) C X is an open ball centered at u =0 of radius M>M. Then,
G(1,u) =0 has at least one solution.
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Proof. (5.11) insures that 0 ¢ G()\,0B7(0)) V A € [0, 1], and the result follows
immediately from homotopy invariance. [l

Remark 5.5. In the seminal paper of 1934, Leray and Schauder did not discuss
solution continua. Rather the topological arguments of Rabinowitz from 1971
(in the context of global bifurcation) show that there is a global solution branch
connecting the solutions at A = 0 to those at X\ = 1. Also, in the absence
of a—priori bounds, Theorem 5.2 or Corollary 5.3 are the “next best thing” to
ezistence.

Example 5.6. Consider the quasilinear elliptic boundary value problem

0? 0
aij(x,u,Vu)Wauwj +  bi(x,uVu) 8:7;
+ c(x,uVu)u = f(\x,u,Vu), in Q, (5.12a)
U|BQ =0. (5.12]3)

Here Q C R™ is a bounded C® domain, a;;(-), bi(-) and f(-) are continuously
differentiable,
c(,u,v)<0in Q, Yu e R, v € R", (5.13)

and
f(0,x,u,v) =0. (5.14)

In addition, we assume uniform ellipticity, i.e., there exist positive constants
c1, co such that

al€f < aij(x,u,v)&E < o€, (5.15)

forall x € Q,u€eR, and v, € € R".

We first convert (5.12) into an equivalent operator equation of the form (5.1),
(5.2). For 0 < a < 1, let C**(Q) denote the class of k-times continuously
differentiable functions on Q whose kth derivatives are Hélder continuous with
exponent a with norm given by (1.4). Let

X = {u S Cl’a(ﬁ) : u|,99 = 0} R

equipped with the C**(Q) norm (1.4) with k£ = 1. For any (A, u) € R x X, let
h = —g(\,u) denote the solution in € C**(Q) of the linear elliptic problem

0%h Oh
aij(XaU,VU)m + bi(X,U,VU)a—xi
+ c(x,u,Vu)h = f(\,x,u,Vu), in Q,
hlag = 0. (5.16)

From (5.13) and the maximum principle [PW] we have that h = —g(\,u) is
unique. Hence, any solution of (5.12) satisfies

u+g(Au) =0, (5.17)
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and conversely, any solution of (5.17) also satisfies (5.12). We claim that g :
R x X — X is compact. To see this, suppose that {(A\,,un)} C R x X is
uniformly bounded. By the Schauder estimate for (5.16) (cf. (2.9)) we have

12ll2,0 = lgAny un)llz.a < ClIf (Any i, Viin)lfo,a (5.18)

where C' > 0 depends upon €, ¢; and ¢ (cf. (5.15), and the C%(Q) bounds
for the coefficient functions a;;(x, 4y, Vuy), bi(X,un, Vu,) and c(x, un, V).
Thus, {g(An,un)} is uniformly bounded in C?*(Q) and, by compact embed-
ding, has a convergent subsequence in X. By similar reasoning it follows that
g(+) is continuous.

It remains to verify (5.4) and (5.5). Consider (5.16) at A\ = 0. In view of
(5.13), (5.14) and the maximun principle, we conclude that h = —g(0,u) = 0
is the unique solution. Clearly (5.4) and (5.5) hold with D,G(0,0) = I (cf.
(5.5)). Finally, we observe that Corollary 5.3 (as Theorem 5.2) is applicable in
this example.

Remark 5.7. In many cases related to the above example for second—order
quasilinear elliptic pde’s, one can obtain a—priori bounds on solutions akin to
(5.11) and thus employ Theorem 5.4, c.f. [LS], [LU], [GT].

In contrast to (5.3), bifurcation problems are typically characterized by the
existence of a trivial solution branch, i.e.,

G(\,0)=0VX€eR (5.19)

We call {(\,0) : A € R} the trivial line or the trivial solution branch. Of
course, for such problems, Theorem 5.2 and Corollary 5.3 are useless, since the
trivial line itself is unbounded. Rather it is of interest to characterize nontrivial
solutions branches.

We say that (A,,0) is a bifurcation point of (5.1), (5.2) if every neighborhood
of (X\o,0) contains nontrivial solutions. Assume now that G is locally C! in
some (open) neighborhood of (A,,0). Then, by the implicit function theorem,
we see that a necessary condition for bifurcation is that the derivative L()\,) =
D,G(Xo,0) is not bijective. By the Riesz—Schauder theory, this is equivalent
to the condition that the linear map L(\,) has at least one null solution, i.e.,
there exist 7 € X such that n # 0 and

L(Xo)n = 0. (5.20)

Theorem 5.8 (Rabinowitz). Given (5.19) and (5.20), suppose that D, G(),0)
L(\) =14 K(\) is bijective on [Ao —€,A0) U (Ao, Ao + €], for some € > 0. In
addition, assume that

deg(L(\1), B5(0)) # deg(L(X2), B5(0)), (5.21)

for some Ay € [Ao —€,X,) and X2 € (Ao, N\, + €], where Bs(0) C X is the
open ball centered at uw = 0 of sufficiently small radius 6 > 0. Let S denote the
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Figure 5.4: A schematic sketch of the two alternatives in Theorem (5.8): ¥
is unbounded in R x X (left) or ¥ intersects the trivial branch at (A.,0) with
Ax £ Ao (right).

closure of all nontrivial solutions of (5.1), (5.2), and let ¥ denote the connected
component of S containing (\,,0). Then, ¥ is characterized by at least one
of the following:

(i) X is unbounded in R x X,
(i) (As,0) € X, for some A # Ao. (5.22)

Remark 5.9. On one hand, by virtue of (4.14), we see that (5.21) insures that
the local degree of G(X,-) “jumps” along the trivial line. On the other hand, in
view of (4.15), (5.21) is the same as saying an odd number of real eigenvalues
“crosses” the imaginary azis as A varies along the trivial line through ()\,,0).
The simplest case of this (and the most common) is when a single eigenvalue
“strictly” crosses, which also insures the existence of a local path of bifurcating
solutions, cf. [CR]. The proof of Theorem 5.8 is similar to that of Theorem 5.2,
but requires an additional step involving a “tubular” neighborhood of the trivial
line, cf. [R], [Z]. The “jump” in degree again violates homotopy invariance in
case neither (i) nor (ii) of (5.22) hold.
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CHAPTER 5



Chapter 6

Global Continuation in
Displacement Problems

In this chapter we return to nonlinear elasticity. In particular, we consider the
displacement problem for (1.25), viz., Q1 = () and 90> = 0N:

C(I+ Vu)[V?u] +b(A\,u,Vu) = 0in Q,
u = d(\) on 0. (6.1)

Problem (6.1) looks a lot like problem (5.12), c.f. Example (5.6). However,
two difficulties, not present in (5.12), arise in the analysis of (6.1). First, the
principal, quasilinear part of (6.1) does not generally define an invertible oper-
ator as in the left side of (5.16) leading (5.17). This is a consequence of the fact
that strong ellipticity (1.22) is weaker than positive definiteness of the elastic-
ity tensor, c.f. Remark 1.1. A deeper associated with (6.1) is that we do not
generally have uniform ellipticity, c.f. (5.15) and Remark 1.2.

In addition to our assumptions in Chapter 1, we also presume a stress—free
reference configuration:

_dw
- dF
We take W(-) and d(-) to be C?, b(-) is presumed to be continuously dif-

ferentiable, and we suppose that the external fields vanishes when the “control”
parameter A = 0:

S(F) (I) = 0. (6.2)

b(0,-) = d(0,-) = 0. (6.3)

For ease of presentation, we treat the case d(A\) = 0. The more general
case is handled similarly after a change of variables u = d(\) + w (where
d: RxQ — R of class C® is presumed), c.f. [21].

Similar to Example 5.6, for 0 < a < 1, let C*(Q,R?) denote the class
of k-times continuously differentiable, vector—valued functions on € whose kth
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derivatives are Holder continuous with exponent a. We define |[jul|g,o as in
(1.4), and we define

X ={ueC"(Q,R) : ulsgq = 0}. (6.4)
In view of requirement (1.5), we define
A={ueX : det(I+ Vu) >0 on O}, (6.5)

which is the set of admissible displacements. In view of (6.2) and (6.3), we see
that (A,u) = (0,0) is a solution point for (6.1) (with d()\) = 0). Accordingly,
we shall look for solutions in R x O, where O C X is the component of 0 in A,
i.e., the maximal connected set in 4 containing u = 0.

To overcome the difficulties discussed at the start of this chapter, we do not
work directly in O. For each § > 0, we define

Os={ue O :det(I+ Vu) > § on Q}, (6.6)

which is open in X. Observe that

0 =] 0s. (6.7)
>0

Since W (+) is C3, the elasticity tensor C(-) is continuously differentiable, cf.
(1.18). Accordingly, if det F > ¢ and |F| < M, then there are constants cy,
¢y > 0 (dependent upon ¢ and M) such that C(F) is uniformly elliptic:

erfal’[b” < a @b - C(F)[a ® b] < calal’ b’ (6.8)

for alla, b € R3.
Define

y/ {ue C**(Q,R%) : ulpq =0}, and
Y = C"(Q,R), (6.9)

each equipped with the usual Hélder norm. For any u € O, define the linear
differential operator A(u) : Z — Y via (cf. (6.1)

A(u)[h] = C(I+ Vu)[V?h] Yh € Z. (6.10)

Unlike the situation in Example 5.6, A(u) € L(Z,Y) is not generally invertible.
Nonetheless, we do have a spectral estimate:

Proposition 6.1. For each u € O5 N Bys(0), where Bp(0) denotes the open
ball mathrmX of radius “M” centered at u = 0, there exist positive constants
e, K1, Ky (independent of u, h, \, u) such that

|z < Kilul*2|A(e = pD)b]]ly (6.11)

for all h € Z and for all p € C satisfying |arg(p)| < 5 4+ ¢ and |u| > K>, where
I € L(Z,Y) denotes the identity.
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Resolvent

Figure 6.1: The resolvent of the sectorial operator A(u) given by the region
{neC: larg(u)| <3 +e¢, [ul > Ka}.

Estimate (6.11) is a Holder—space version of a famous result due to Agmon
in the L” setting [3]. In Chapter 8 we employ a more general version of (6.11),
where we also provide an outline of the proof. Suffice it to say for now that
uniform ellipticity (6.8) plays a key role in the uniformity of (6.11) (of course,
the constants K1, Ko, € in (6.11) generally depend upon ¢ and M). The spectral
bound (6.11) insures that the operator A(u) is “sectorial” (see Figure (6.1)).
In particular, for any real number a > K5, the operator A(u) —al € L(Z,Y)
is injective, for all u € Os N Bys(0). In fact, A(u) — ol is readily shown to be
surjective by standard arguments (e.g., c.f. [J,sec. 10.3]) or by the stability of
the Fredholm property (of index zero), c.f. Chapter 8. At any rate, we are now
in a position to imitate the approach taken in Example 5.6.

For any (A, u) € R x Os N Bps(0), with § > 0 and M > 0 fixed, we consider
the linear uniformly elliptic system

(A(u) —al)[h] = C(I+ Vu)[V?h]-ch (6.12)
= —b(A\,u,Vu)—quin Q,
hlpo = 0,
for some fixed a > K, as discussed above. Let h = —g,(A,u) denote the
unique solution of (6.12). Then any solution of (6.1) (with d(\) = 0), (A, u) €

R x Os N Bps(0), satisfies
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u+g.(Au) =0, (6.13)

and conversely. An argument identical to that in Example 5.6 (based upon the
Schauder estimate for (6.12)) shows that g,(-) is completely continuous.

In order to use Theorem 5.2, we must first verify (5.4) and (5.5). Let h =
—T,u denote the unique solution of the elliptic system

CI+Vu)|V?h]—ah = —au inQ, (6.14)
h|89 = 07

for all u € O5 N Bp(0). Clearly T, € L(X) is compact. We claim that
Duga(0,0) = T,. (6.15)

We argue by contradiction, viz., if not, then there is a constant v > 0 and a
sequence {u,} C B-(0) C X with u,, = 0 such that

190 (0, 1p) = Taunllx > v|Jun[x (6.16)

for n sufficiently large. Define v, = —g,(0,u,)/||u,||x and w, = —T,u,)/||u,l|x,
which satisfy (c.f. (6.12), (6.14))

CI+ Vun)[V2vn] —av, = —au,/||uy|lx in Q,
and

C()[V’w,] —aw, = —au,/|lu,]lx inQ,
Vn|3Q = WM@QZO,

respectively. Now {u, /||u,||} is uniformly bounded in X, and thus, u,/||u,|| =
e, say, in C' (2, R?) (as a subsequence). Also, by the Schauder estimates, v, — v
and w,, — w, say, in C?(Q2, R?) (as subsequences) where v and w each satisfy
the boundary value problem

C(I)[V’h]—ch = —ae inQ,
h|3Q = 0.

By uniqueness, we conclude that v = w, and thus
v = Wallx = 114(0, un) — Tauyllx/|[unllx — 0

which contradicts (6.16).
In consonance with (5.2), define G,(A\,u) = u + g,(\,u). Then, u, —
G.(0,u) is differentiable at u = 0 with

DuGo(0,0) =T+ T,. (6.17)
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Now consider

I+T,)h = 0 & (6.18)
h = —T,h, (6.19)

which, by virtue of (6.14) is equivalent to

C(H[V?h] = 0 inQ, (6.20)
h|BQ = 0.

Now, C(I) is uniform (independent of x) and satisfies strong ellipticity. Thus,
by a theorem of Van Hove [VH], we conclude that h = 0 in (6.18) and (6.20),
and the Riesz—Schauder theory insures that I+ T, € L(X) is bijective. With
the aid of (4.14)—(4.16), we conclude that

deg(G,(0,-), B-(0)) = deg(I + T,, B-(0)) = +1, (6.21)
for € > 0 sufficiently small.

Remark 6.2. The calculation (6.21) corrects an inconsequential error in [21]
(where the degree was proported to be “+1”). The theorem of Van Hove holds
only for the (linear) displacement problem (6.20) for homogenous materials,
c.f [29]. For inhomogeneous materials and/or “mized” boundary conditions, a
stronger assumption on C(I) is needed, c.f. Chapter (8).

Given (6.21), we are now ready to employ the global continuation Theorem
5.2, except for the fact that we can only compute the degree in bounded open
subsets W C Os, i.e., for a given § > 0, we may have a solution branch X, char-
acterized by neither (i) nor (ii) of Theorem 5.2, with ¥ ¢ R x Os. Accordingly,
we conclude:

Theorem 6.3. The mazimal connected solution set of (6.1) (with d(X) = 0)
containing (0,0), ¥ C R x O, is characterized by at least one of properties (i)
and (ii) of Theorem 5.2 and/or

(ili) S ZRxOs for each § > 0. (6.22)

The proof of Theorem 6.3 is nearly identical to that of Theorem 5.2. For
a given 0, we assume that ¥ is not characterized by either alternative (i), (ii)
or (iii) and argue by contradiction. In view of (6.7), we consider the same
argument for all § > 0. Also note that if characterization (iii) holds, then there
is a sequence of solutions {(A,,u,)} C ¥ such that

inf det(I + Vu,(x)) = 0" as n — oo, (6.23)
xEQ
indicating a breakdown in local injectivity. In particular, observe that Theorem
6.3 leaves open the possibility that (6.23) holds without (i) or (ii) being true.
In other words, the bounded branch could “terminate” at point (As, ), where
(An,1p) = (A, w,) in CH(Q, R?) (by compact imbedding) and
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inf det(I + Vu.(x)) =0, (6.24)
xeQ
which would seem to contradict (1.9), intuitively speaking. However, it is not
generally clear how a bounded branch culminating in (6.24) contradicts anything
in our construction. Observe from (1.16) that the first term in (6.1) is the
divergence of the stress tensor.
We finish this chapter with more specific, physically reasonable restrictions
on the stored energy W (-), enabling sharper results. To begin, we employ a
special case of a result due to Knops and Stuart [30] to eliminate characterization
(ii) of Theorem 6.3. For this we assume:

W(F)>W(I) V FeGLT(R*)/SO(3), (6.25)
and
Q is star—shaped, (6.26)

viz., there is at least one point x, € {2 such that every ray emanating out of x,
intersects the boundary 92 at precisely one point. Condition (6.25) insures the
quasiconvexity of W (-) at F =1, c.f. [25]. The result of [30] then insures that
the A = 0 problem for (6.1) (c.f. (1.25)), viz.,

CI+Vu)[Vu] = 0inQ,
11|BQ = 07
has the unique solution u = 0. Hence, we have

Corollary 6.4. In addition to the hypothesis of Chapter 1 and those of this
Chapter leading up to Theorem 6.3, assume that (6.25) and (6.26) hold. Then
the global solution branch X of Theorem 6.2 admits the decomposition (5.9),
(5.10), with each component X* characterized by property (i) and/or property
(iii) of Theorem 6.3.

Next we consider a special class of materials for which (6.23) on a bounded
branch is not possible:

W (F) = U(F) + [(det F), (6.27)

with

U(F) € C*(GL* (R®),R) N C(GL' (R), R) (6.28)
and ['(-) € C3(R") is such that

[(n) = oo asn— 0", (6.29)
I(n) <0, for0<n<mn,.

We now have (c.f. [25]):
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Theorem 6.5. In addition to the hypotheses leading to Theorem 6.3, assume
that (6.27)—(6.29) hold. If the global branch ¥ has property (iii), then property
(1) is also true, i.e. if (6.23) holds, then

[An] + ||un]lx = 00 as n — occ.

Moreover, for each (\,u) € X, the associated deformation f(x) = x + u(x)
is injective on Q. Finally, if (6.25) and (6.26) also hold, then each of the
components X1 (c.f. Corollary 6.4) is unbounded.

Proof: For the first assertion, observe that if (A, u) satisfies (6.1), then the
following balance law also holds:

V- (W(E)I-F'S)=F'b(\ u,Vu) in Q, (6.30)

where F = I+ Vu and S = $X(I+ Vu), cf. (1.15). ((6.30) is related to a
conservation law of the Eshelby type [13]). If we substitute (6.27) into (6.30)
we obtain

V. ®(J) =V -P(F)+F'b()\ u,Vu) in Q, (6.31)
where J(x) = det F(x),

__pd®
P(F) = FTd—F(F) — (I, (6.32)

o(J) =T(J) - JT'(J),

and “Vy®(J)” refers to the total derivative of the composite function x
®(J()). We argue by contradiction, viz., suppose that property (iii) of Theorem
6.3 holds with ¥ bounded in X. Let {(A,,uy)} C E; by the Schauder estimates
for (6.12) {(A\n,up)} is uniformly bounded in Z (cf. (6.9)) and hence, converges
in C%(Q,R%) (by compact imbedding). We write f,(x) = x + u,(x), F, =
I+ Vu, and J, = det F,, and substitute into (6.31) to find

dpP
IVl < | TR EDT 0|+ IFEb O Vule (633)

o0

where || - || denotes sup norm over Q. In view of (6.28) and (6.32), the first
term on the right side of (6.33) has a finite limit as n — co. The same is clearly
true for the second term on the right side of (6.33). On the other hand, the left
side of (6.33) becomes unbounded as n — oo. To see this, note that (6.24) holds
with ||J,,||co bounded away from zero as n — oo (note that f,(x) = x Vx € 99Q).
Consequently, there are distinct points x,, X, € Q such that ®(.J,,(x,)) remains
bounded while ®(.J,(x.)) = 0o as n — oco. If we integrate V4 ®(J,(x)) along
any path connecting x, and x., we see, with aid of (6.29) and (6.32), that the
left side of (6.33) grows without bound as n — oco. This is a contradiction, and
we have shown that property (iii) is possible only when ¥ is unbounded.

To see that f(x) = x + u(x) defines an injective map on Q, observe by
construction that (\,u) € ¥ implies det(I + Vu) > 0 on Q. This together with
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ulgo = 0 gives the desired result by a well-known Brouwer—degree theoretic
argument, c.f. [11, Thm. 5.5-2].

The last claim concerning the unboundedness of the components ¥4 is an
easy consequence of Corollary 6.4. O



Chapter 7

A Generalized Degree for a
Class of Nonlinear
Fredholm Mappings

In spite of the power and range of applicability of the Leray—Schauder degree,
many problems of nonlinear continuum physics with “natural” boundary con-
ditions, like (1.26)2, fall outside its range. A simpler illustration comes from a
problem related to Example 5.6. In (5.12), suppose that there is a vector—valued

function q(u,v) such that a;;(-) = % and b;(-) = 8?9;15') (with ¢(-) = 0). In-

stead of (5.12)5, we then impose the “zero—flux” condition
q(u, Vu) -n(x) =0 V x € 09, (7.1)

where n(-) denotes the outward unit vector field on 9. Note that (5.12); now
reads

8%y ou
V- (a(u,Vu)) = aij(u, VU)M + b;(u, VU)a—xi
= f(\,x,u,Vu) in Q. (7.2)

For simplicity, assume that q(0,0) = 0. Observe (from the fundamental
theorem of calculus) that

1 1
q(u,Vu) -n= </ bi(tu, tVu) dt nz> u+ (/ a;j(tu, tVu) dt nz> a—u,
0 0 Oz;

which suggests that we can use the same approach used in Example 5.6. That
is, for a given (\,u) € R x C%(Q), consider the linear problem (5.16); (with
¢ = 0) subject to
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T

1 1
</ a;j(tu, tVu) dt nl> a@_h + (/ bi(tu,tVu) dt nl> h=0o0n 9. (7.3)
0 j 0

However, there is a problem—the coefficient functions in the first term on the
left side (7.3) are elements of C%%(Q) (regardless of the smoothness of q(-)),
whereas in the linear theory of such equations, such coefficient functions need
to be in C1:*(Q2) in order to insure C*%(Q) solutions h, cf. [LU,3.3,10.1]. In
fact, natural boundary conditions like (7.1) and (1.25), are fully nonlinear.

The starting point for the generalized degree that we present comes from
two observations. First, there is an alternative to the construction of the Leray—
Schauder degree based upon finite-dimensional approximations (4.11) coupled
with the Brouwer degree. That is, the Leray—Schauder degree can be “built
from scratch” by immitating the construction of the Brouwer degree, with for-
mula (4.15) in place of (4.4), cf. [R]. Second, there are more general classes
of operators, e.g., those induced by elliptic boundary value problems, enjoying
spectral properties that enable formulas akin to (4.15). Of course, spectral prop-
erties alone are not enough— Sard’s theorem must be available, and homotopy
invariance must be established directly (without the benefit of vector integral
calculus, as is the case for the Brouwer degree, cf. [S]). Although these ideas
are more or less well known (e.g., [L], [EF], [F]), actual details and proofs
are provided in the works of Kielhéfer [K1], [K2] for a general class of Fred-
holm operators. Nonetheless, even that treatment does not anticipate nonlinear
boundary conditions the likes of (1.25), and (7.1), which we must accomodate.

To begin, we consider again (4.1). However, with applications like (1.25)
and (7.1), (7.2) in mind, we incorporate the nonlinear boundary condition into
the mapping F(-) via

F(u) = (Fi(u), F5(u), (7.4)

where FF': W CX —=Yand Y =Y; xY,. Here, X, Yy, Y, are real Banach
spaces with X C Y; continuously embedded and W is open and bounded. For
example, (7.2), (7.1) define Fy(u), Fy(u), respectively, with X = C*%(Q), Y; =
C%*(Q) and Yo = C12(Q).

For technical reasons (use of Sard-Smale theorem) we need

F e C*(Y,Y), where WCTY. (7.5)

Observe that the derivative of F' has the form

DF(u)h] = L(u)[h], VheX, (7.6)
which we also express
DF(u)h] = (DFi(u)[h], DF;(u)[h])
= (A(u)[h], B(w)[h)) Vh € X, (7.7)

where L(u) € L(X,Y), A(u) € L(X,Y;) and B(u) € L(X,Y2).
For every u € W, we make the following hypotheses concerning L(u):
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(L1) L(u) € L(X,Y) is Fredholm of index zero., i.e.

dim Null(L(u)) = codim Range(L(u)) < 0.
(L2) B(u) € L(X,Y2) is surjective.

(L3) A(u): Yy — Yy, with domain of definition

D(A(u)) =Zy = {h € X : B(u)[h] = 0}, is closed, (7.8)

i.e., essentially Z,, becomes a Banach space when equipped with the graph
norm ||ul|z, = ||hlly, + [|JA(w)[b]|ly,, and A(u) : Zy — Y, is then a
bounded linear operator, cf. [Sche]. With A(u) so defined, recall that
the spectrum of A(u) is defined by

0(A(u)) ={peC: A(u) — pul € L(Zy, Y1) is not bijective},  (7.9)

where Z,, and Y, are complexified in the usual way. A point p € o(A(u))
for which Null(A(u)) is not trivial is called an eigenvalue. An eigen-
value p is said to have finite algebraic multiplicity if dim Null((A(u) —
pI)™) = dim Null((A(u) — pI)™*!) < oo for some m € N, in which case
dim Null((A(u) — pI)™) is called the algebraic multiplicity of p.

(L4) There exists an open neighborhood 7 of the ray {u € mathbbC : u €
R, u > 0} such that o(A(u)) Ny consists of finitely many eigenvalues, each
of finite algebraic multiplicity.

(L5) The set of eigenvalues in o(A(u)) N7 is uniformly bounded above in the
sense that there is a constant C' > 0 such that

Re(p) < C VYu € o(A(un)) No. (7.10)

Remark. Assumptions (L4), (L5) insure, in particular, that A(u) has a fi-
nite number of positive real eigenvalues (counted by algebraic multiplicity). Of
course, the operator “—A(u)” then has spectral properties reminiscent of that
for linear compact vector fields “I+ K” (K compact) leading to formula (4.15),
and we could have just as well reversed the inequalities in (L4), (L5). How-

ever, (L4), (L5) in their present form are more natural for elliptic probelms
like (1.25) and (7.1), (7.2).

In addition to (7.4) and (7.5), we need another assumption on the nonlin-
ear operator F'(-) yielding, in particular, the crucial property in Lemma5.1 for
compact vector fields:

F(+) is proper, i.e., for any compact set
KCY, F7Y(K)NnW is compact. (7.11)
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With these assumptions in hand, we are ready to proceed as in the start of
Lecture 4 for the Brouwer degree. For convenience, a mapping FF: W C X - Y
satisfying assumptions (7.4)—(7.7), (7.9) and (7.10) is henceforth said to be
admissible.

Consider the equation

F(u) =y, (7.12)

with y ¢ F(0W). To begin we assume that y is a regular value, i.e. DF(u) =
L(u) is surjective (and hence bijective by the Fredholm property) for all u € W
such that (7.12) holds. As discussed in Remark?7, hypotheses (L4) and (L5), cf.
(7.10), insure that A(u) has a finite number of real eigenvalues, denoted m(u),
counted by algebraic multiplicity. Now by properness F~!(y) N W is compact,
and by the inverse function theorem every solution of (7.12) is isolated. Thus,
F~1(y) N W is a finite set. Accordingly, we define the degree by

deg(F,W,y)= > i(Fuy), (7.13)
ueF-1(y)nWw

where the index i(-) is defined by

i(Foug,y) = (=1)"0), (7.14)

where u, € F~1(y)NW. As before, if F~(y)NW = 0, we set deg(F, W,y) = 0.

Next we suppose that y in (7.12) is not a regular value (viz., a critical value).
Recall that a linear map L € L(X,Y) is a Fredholm operator of index k € Z
if dim Null(L) and codim Range(L) are each finite, with & = dim Null(L) —
codim Range(L). According to the Sard-Smale-Quinn theorem [Sm)], [QS],
the set of regular values of ma proper C**! map F: W C X = Y, with DF(u)
a Fredholm operator of index k, k > 0, for all u € W, is open and dense in Y.
Accordingly, as in Lecture 4, by (L1) we may choose a regular value y, with
Iy« — ¥lly < e, sufficiently small, and define

deg(F7 W7 Y) = deg(Fa W7 Y*) (715)

There are two concerns with regard to (7.15). First, we need to be sure
that y. ¢ F(OW) for € > 0 sufficiently small. Indeed, y ¢ F(OW), and by
properness, we claim that y has a positive distance “d” to F(0W), viz., ||F(u)—
ylly > d >0 Vue dW. To see this, assume the contrary. Then, there is a
sequence {u;} C 0 such that ||F(u;) —y|ly = 0 as j = co. By properness,
{u;} has a convergent subsequence u; — u, € OW, and by continuity, F'(u,) =
y, which is contradiction. Clearly ¢ < d insures y. ¢ F(0W). Second, we
want to show (7.15) to be independent of the choice of y., i.e., if y. and y, are
two distinct regular values satisfying the above conditions for £ > 0 sufficiently
small, we need that

deg(F, W, y,) = deg(F, W, y.). (7.16)
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The proof of (7.16) turns out to be a special case of homotopy invariance,
which we take up shortly. We the return to (7.16).
First we need a preliminary result:

Proposition 7.1. For F : W — Y admissible, deg(F,W,-) is locally constant
on the set of all reqular values, i.e., for any reqular value y,. and open ball
Bs(y«) CY (centered at y. of radius 6 > 0), we have

deg(F,W,y) = constant, (7.17)
for all'y € Bs(ys) with § > 0 sufficiently small.

Proof. Sety; =y. and F~'(y;) ={u! : j=1,2,...,p}. Now, each DF(u!) €
L(X,Y) is bijective. Also y» € Bs(y«) is a regular value (by the Sard-Smale—
Quinn theorem) for § > 0 sufficiently small. If we apply the implicit function
theorem to F(u) —y = 0 at each (u],y1), we see that every point u has a
neighborhood V; C W such that each V; contains precisely one solution ug of
F(u) =y, for j =1,2,...,p. We claim that F'(y5) = {u} : j=1,2,....p}.
To see this, let V denote the (disjoint) union of the ;. Then W\V is closed, and
by properness y; ¢ F(W\V) implies that y; has a positive distance to F(W\V).
Thus, for § > 0 sufficiently small, y» ¢ F(W\V), and the sets F~(y;) and
F~!(y2) have the same cardinality.

We claim that m(u]) = m(u})(mod2) (for each j = 1,2,...,p), which will
complete the proof in view of (7.14), (7.15). In what follows we drop the su-
perscript. “j”, since the argument is the same for each j = 1,2, ..., p. We first
write (cf. (7.7)) L(u;) = (A(w;),B(w;)), i = 1,2. By virtue of (bf L4), (L5)
(cf. (7.10)) the set of eigenvalues of A(u;) contained in o(A(u;)) Ny can be
enclosed in a simple closed curve I' in the complex u—plane and thus consti-
tutes a finite set of eigenvalues in the sense of Kato [Ka, IV, secc. 3.5], for
i = 1,2. Although we do not go into the details here, cf. [HS, Prop. A.2],
we point out that properties (L1)-(L3) play a crucial role in eigenvalue pertur-
bation results, which insure that the total number of eigenvalues (counted by
algebraic multiplicity) contained in T is the same for ¢ = 1 and i = 2, for 6 > 0
sufficiently small. In particular, (L2) is needed to show that the “gap”, [Kg],
between the closed operators A(u;) and A(uy) can be made arbitrary small for
0 > 0 sufficiently small. Also, since y; and y» are regular values, (L1) insures
that neither A(u;) nor A(us) has a zero eigenvalue. Finally, since A(u) is a
real linear operator, all complex eigenvalues occur in complex—conjugate pairs.
Hence, m(u;) = m(uz)(mod2) O

We are now ready for homotopy invariance of deg(-):

Theorem 7.2. Let A C RxX be open, with A, {u € X : (1,u) € A} uniformly
bounded (possibly empty) for T in finite intervals, cf. page 45 bf ( NOTA: ESTA
CITA HAY QUE ARREGLARLA.). Assume that H € C2(A,Y), where A C A,
with A C RxY open. We further presume that H : A — Y is proper (cf. (7.11))
and that H(t,-) : A — Y is admissible for each 7 € R. Finally, lety : R =Y
be a C? curve such that y(r) # H(r,u) for all (1,u) € DA. Then,
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deg(H(r,), Ar,y(7)) = const.V7 € R.
In particular, if A,, =0 for some 7, € R, then deg(H(7,,"), A.,,y(7,)) = 0.

Proof. (Sketch) For simplicity we take y(7) =y € Y (otherwise, set H(r,u) =
H(r,u) — y(7)). We fix some open bounded, “noncylindrical” domain A, ; =
AN ((a,b) x X). Suppose that y is a regular value of both H(a,-) and H(b,-).
We claim that

deg(H(a, "), Aa,y) = deg(H(b, "), A, y), (7.18)

which is the heart of the argument. We outline the steps.

First observe that H(r,-) admissible for each 7 € [a,b] implies DH(7,u) €
L(RxX,Y) is Fredholm of index k = 1. Now, by Proposition 7.1, deg(H(a, -), Aqa, y")
and deg(H(b, ), Ap, y) are independent of y' € Bs(y), for § > 0 sufficiently small.
Also, by the Sard-Smale—Quinn theorem, Bs(y) contains a regular value y for
H(-), i.e., DH(7,u) is surjective for all (r,u) € H !(y) N A, (Here is the first
and only place where we use H € C2.) Accordingly we may assume, without
lost of generality, that y is also a regular value of H: A, — Y.

Next, since H is proper and y is a regular value, it can be shown that
F~1(y)n Za,b = M is a C?, compact one-dimensional manifold with bound-
ary comprising the disjoint union M, U My, with OM, C {a} x A, and
oMy C {b} x Ap. The components of M are finite in number, each of which
is diffeomorphic to either a circle or a compact interval, e.g., cf. [Ke], [K2],
[GP].

Choose a curve m; that starts at some point (a,u,) € 9M,. The the curve
m; terminates either at some other point (a,1,) € OM, or at (b,up) € OM,.
In the former case, we claim that (cf. (7.14))

i(H(aa')auaa}') = _i(H(aa ')7ﬁa7Y)7 (719)

while in the latter case, we have

i(H(aa ')7 Ug, Y) = Z(H(ba ')7 Up, Y) (720)

There is an obvious analogue of (7.19) for curves “starting” and “stopping”
on OMy. Accordingly, from (7.13) only curves connecting OM, to M, con-
tribute to the degree, yielding (7.18). (Closed curves m; in A, clearly do not
contribute to either side of (7.18).)

There are two main ingredients in obtaining (7.19) and (7.20). First, by
arguments similar to those involved in the proof of Proposition 7.1, it is shown
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that the index i(-) is constant along relatively open segments of m; for which
DuH(7,u) is surjective (and hence, bijective by the Fredholm property). (Note
that all curves m; —except for the possible closed curves— “start” and “stop” in
this fashion, i.e., by assumption, y is a regular value of both H(a,-) and H(b,-).)

Observe that if we parametrize m;, viz., {(7(¢),u(t)) : a <t < 8}, then
we readily see that 7(t) # 0 whenever D H(7(¢), u(t)) is surjective. Similarly,
7(t) = 0 when D H(7(¢), u(t)) is not surjective (i.e., at turning points).

Now the set T = {(r,u) € m; : DyH(7,u)is not surjective} is compact
and thus possesses a finite open cover. By virtue of a careful one-dimensional
Liapunov-Schmidt reduction on any such open set, one obtains the following
[K2]:

i(H(7(?),-), u(t), y)sign(7(#)) = const.,

for all ¢ € [a, ] with 7(¢) # 0. (Note that i(-) exists if 7(¢) # 0.) This gives
(7.19), (7.20) and thus, (7.18).

To finish things, we return to the proof (7.17), which will take care of the
case when y is not a regular value. Define A, ;, = [0,1] x W, and set H(,u) =
F(u)—7y.—(1—7)y,. Observe that y = 0 is a regular value of both H(0, -) and
H(1,-). Returning to (7.15), recall that the critical value y has positive distance
“d’ to F(OW). Clearly, for y. and y, sufficiently small, e.g., ||y«|| < d/2 and
llyoll < d/2, we have ||Ty. + (1 — 7)y,|| < d, and thus 0 ¢ H([0, 1] x OW). We
conclude that (7.17 is a special case of (7.18). O

From this point it is fairly routine to verify that our generalized degree
presented in this Chapter enjoys all of the other properties, (d1), (d3)—(d5), of
the Brouwer and the Leray-Schauder degrees.
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Chapter 8

Global Continuation in the
Presence of Boundary
Traction

In this chapter we return to the “mixed” boundary value problem

C(I+ Vu)[VZu]+b(A\,u,Vu) = 0in Q, (8.1a)
SI+Vun = 7(\u) on 00, (8.1b)
u = d(\) on 99Q,. (8.1c)

To avoid difficulties with regularity at the boundary (which cannot presently
be overcome even for local analysis based on the implicit function theorem, cf.,
e.g., [32]), we assume that 00 NNy = B. We take 90 = 90 U 92 to be
C3. In addition to our hypotheses from Chapter (1), we also presume (6.2) and
(6.3), and to the later we also append

7(0,-) = 0. (8.2)

As in Chapter 6, we take d(\) = 0 for ease of presentation.

As discussed at the beginning of Chapter 7, problem (8.1) is apparently
beyond the reach of the Leray—Schauder degree, and we turn to our generalized
degree. Recall that our use of the Sard—Smale-Quinn theorem dictates C?
smoothness of the nonlinear operator. Accordingly, we need to strengthen the
differentiability hypotheses of Chapter 6. We assume

W()is C°, b()is C*, 7()isC*, d(-)is C%. (8.3)

Recall in Chapter 6, that the linearized problem (6.20) has the unique solution
h = 0, which is crucial in the calculation of the degree, c.f. (6.21). As mentioned
in Remark (6.2) we need a strengthened hypothesis for C(I), the elasticity ten-
sor at the reference configuration, which is in consonance with classical linear

35
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elasticity [18]:
H C(I)[H] >0, HcLR®), H' =H, H#0, (8.4)

i.e., C(I) is positive definite on nonzero, symmetric tensors.
Referring to the formulation in Chapter 7, we choose the Banach spaces:

X={ueC>*(QF) : ulpa, =0}, [y =1,
Y1 =C%(QR), [y, = [Illo- (8.5)

Yy = T (00,1, R?), ||||Y2 = ||'||1,a7391 .

Define _
U:{ueX : det(I+ Vu) >0 on Q} (8.6)

We define a nonlinear operator G : R x U/ — Y =Y] x Y5 via:

Gi(\u) = C(I+Vu)VZu]+b(\,u,Vu), Gy :RxU—Y,

GQ()\, 11)

S(I+Vun—7(\u), Gy:RxU—Y3, (8.7)

G(Au) = (G1(A ), Gy (A, v)).
The problem (8.1) is given abstractly by
G(\u) = 0. (8.8)
In view of (6.2), (6.3) and (8.1), we have that
G(0,0) = 0. (8.9)

Using (8.3), it can also be shown that G : Rx U/ — Y is C2. Thus in contrast to
the situation in Chapter 6, where the use of the Leray—Schauder degree demands
merely C° smoothness of the nonlinear operator, we have more than enough
differentiability to employ the implicit function theorem. A routine calculation
yields

D,G(0,0)[h] = (C(I)[V?h],C(I)[Vh]n). (8.10)

We claim that D,G(0,0) € L(X,Y) is bijective. Injectivity is tantamount to
the demonstration that the linear problem

C(D)[V?h] = Div (C(T)[Vh]) = 0 in 0, (8.11a)
C(I)[Vhln = 0 on 09y, (8.11b)
h = 0 on 90, (8.11c)

has the unique solution h = 0. That this is indeed the case, follows from (8.4)
and Kirchhoff’s classical theorem [29]. Surjection turns out to be a special case
of an argument that we give shortly. Since i/ C X is open, the implicit function
theorem yields:
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Proposition 8.1. There ezists a local branch of solutions to (8.8),
Sioe = {0 u(N) = Al <e} CRxU, (8.12)

for e > 0 sufficiently small, such that X\ — a()\) is C?, a(0) = 0 and all local
solutions of (8.8) in a sufficiently small neighborhood of (0,0) belong to ¥,,...

Before proceeding with our global analysis, we recall a preliminary result
from [26], for which (8.4) is crucial.

Proposition 8.2. Let n(-) denote the outward unit normal on 8Qy. The pair
(C(I+ A),n) satisfies the strong complementing condition (complementing con-
dition and Agmon’s condition, c.f. Chapter (3)) for all x € 99, and for all
A € L(R®) such that |A| is sufficiently small.

In particular, Proposition (8.2) implies that

(C(I),n) satisfies the strong complementing condition
for all x € 9. (8.13)

We now define a set of admissible solutions, appropriate for our global anal-
ysis:
Y = {u€X :det(I+Vu)>0in (Q,
(C(I + Vu),n) satisfies CC on 99 }. (8.14)

Similar to Chapter (6), we are interested in the maximal connected component
set in ) containing u = 0, i.e.,

O = comp {0} € V. (8.15)
Also, we do not work directly in O; for each § > 0, we define
Os; = {u€O:det(I+Vu)>4inQ, and
AT+ VU,x,£)| >4, € n(x) =0, [{|=1,0n 0}, (8.16)

where “A” refers to the determinant whose nonvanishing occurs if and only if
the complementing condition holds (c.f. Chapter (3)). Again, we observe that

Os C O for each 6 > 0, and O = Us00s. (8.17)

Moreover, the continuity of C(-) and A(-) insure that Os is open for each § > 0.
Accordingly O itself is open. By (8.13) and Proposition (8.2), we see that
UNO # 0 is open, and 0 € U N O. Thus the local branch belongs to the
admissible set, i.e., ¥j,. C O, for ¢ > 0 sufficiently small, c.f. (8.12).

Now G : R x O — Y is also C?, and returning to the setup of Chapter 7, we
express D,G(\,u) = L(\, u) as in (7.6):

L(A\,u)[h] = (A(\,u)[h], B(A\,u)[h]), (8.18)
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where the principal parts of the operators A(A\,u) € L(X,Y;) and B(A\,u) €
L(X,Y3) are given by
AM\u) = CI+Vuw[V?h]+--- in Q, (8.19a)
B(A,u) = C(I+Vu)[Vhjn+--- on 0. (8.19b)

With properties (L1)—(L5) (c.f. (7.7), (7.9)) in mind, we establish:

Proposition 8.3. For each (A\,u) € R x (Os N Bp(0)) with M,§ > 0 fized,
where Bpr(0) C X is an open ball (c.f. Proposition (6.1)), there are positive
constants €,cy1,co (independent of u,h, \,u) such that

Il <ex [I6* 1(AO w) = D]l + 162 IBO wBllly,] 5 (8:20)

for allh € X, and all p € C satisfying that |arg(n)| < /2 + ¢ and |p| > cs.

Proof : [Sketch] The first important observation here is that B(A,u) or (C(I +
Vu),n) satisfies the strong complementing condition even though u € Os C
O merely insures that the complementing condition holds. This follows from
(8.13), Theorem (3.9) and the fact that u is connected to 0 in O.

For (A\,u) € R x (Os N By(0)), observe that (6.8) holds, i.e., L(\,u) is
uniformly elliptic. Following Agmon [3], we introduce the differential operator

2
L(A,u) = L(\u) + e‘e%,
on the cylinder I' = © X (—o00, 00), which is elliptic if |#] < 7/2 + ¢, for some
small £ > 0 (depending upon the constants in (6.8)). Define
Or; = 0Q; x (—o0,00), j=1,2.
On OT" we impose

B(A\,u)[v]=0 on9dI'y, v =0 ondly,

where v € C?%(Q x (—00,00), R?). Satisfaction of the strong complementing
condition for (C(I + Vu),n) on 9 insure that B(\,u) satisfies the comple-
menting condition on 9T'y, c.f. [3]. Accordingly, we may write down the apriori
Schauder estimate for (£(\,u), B(A, u)), which leads to (skipping a few steps):
there are constants ¢, K; > 0 such that

le®h) s q.r, < Ki[llo®)e®) (AN w) = pDhx)]lg 4.,
+l1¢()e®) B, w)h()]Il; o, o7,
+ 11l e BB lg.q. 1,
+lg2(t)e®h(x)lg o1, |, (8.21)
for all h € X, u € C such that |arg(p)| < 7/2 +&. Here T, = Q x [—7,7],

Ol = 00y x [-2,2], e(t) = exp(i|u|1/2 t), and ¢, ¢1, o are real-valued C°
functions with support in [—2,2], with ¢ =1 on [-1,1].
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For |u| > ¢ sufficiently large, we obtain the following inequalities: there is
a constant K5 > 0 such that

lp(e® (AN w) — pD bl 0., < Ko lul™? (A ) — p)b]lly, |
l6Me®BN, Wl o or, < Ko | “T2 B, w)h]]ly, ,
6l g1 (De®hlly 0., < Ko lul" T2 Iy, (8.22)
lg2(®)e(Ohlly 0 op, < Ko lu*? Iy, |
le®hlly o, > Ka[lbllx + lullhly, ],

forallh € X. Combining (8.21) with (8.22), and again using |u| > ¢, sufficiently
large, we arrive at (8.20). O

With Proposition (8.3) in hand, we can now verify the assumptions (L1)—(L5)
of Chapter 7, c.f. (7.7) and (7.9). In what follows (A,u) € R x (Os N By (0)),
c.f. Proposition (8.3). Consider the operator

L, =(A-~1,B), (8.23)

where we have adopted the simplified notation A = A(A,u), B = B(A,u) and
L, = L,(\,u). Inequality (8.20) implies that Null(L,) is trivial for any v € R
such that v > ¢;. We now claim:

Proposition 8.4. L = L(\u) € L(X,Y) fulfills assumptions (L1)-(L5) of
Chapter 7.

Proof : Consider L, for v > ¢. The Schauder estimate implies that L. is semi-
Fredholm (c.f. Chapter 2). To show that L. is Fredholm of index zero, we
consider a one—parameter family of operators

Li=(1-t)Ly+tL,, 0<t<1, (8.24)
where Ly = (4o, By) € L(X,Y) is defined by
Ao[h] = Ah= (Ahl, Ah2, Ah3), in Q,

oh oh Oh

Bolh] = (Vh)n= <8—:U; nj, ﬁnj, ﬁn» , on 0Q.

Now Ly is bijective, c.f. [LU, Sec. 3.3] and thus Fredholm of index zero. The
Schauder estimate for (8.24) (uniform in ¢) and the consequent stability of the
Fredholm index [27, Chap. 4] imply that L, is Fredholm of index zero for all
v € R including v = 0. Thus (L1) is verified. Also for v > ¢, L is bijective.
Thus, B is surjective, and (L2) holds.

For (L3) of (7.7), we note that

D(A) = Zyu={h € X : Blh] =0}



60 CHAPTER 8

It can be shown that (L3) is a direct consequence of the Schauder estimate (c.f.
Chapter (2)):
Il < C [IJAM]lly, + Ihlly,], (8.25)

for all h € Zy ,, C > 0 (independent of h), c.f. [Fried, Section 1.1].

For (L4) and (L5), recall from above that L., € L(X,Y) is bijective for
Yo > ¢z. Clearly A — oI also fulfills (L3), and A — I : Zx u — Y7 is bijective.
Hence, (A — 7I)! is compact (by the compact embedding X — Y7 — this is
essentially the same argument used in Chapters (4) and (5), c.f. (5.18)). Thus
by the Riesz—Schauder Theory, we find that o(A):

i) comprises only isolated eigenvalues, each of finite algebraic multiplicity;
ii) has no finite accumulation points;

ili) possesses finitely many eigenvalues in the sector |arg(u)| < 7/2 + €.

Clearly (L4) and (L5) are fulfilled. O

Finally we need to verify (7.10) (actually, the slightly stronger version —
including parameter dependence — in the hypothesis of Theorem 7.3).

Proposition 8.5. For each fized § > 0, G is proper on Rx Oz, i.e., G"*(K)ND
is compact for each bounded set D € R x O and compact set K C Y.

Proof: [Sketch] Let {y;} C K C Y be a convergent sequence, and let {(A;,u;)} C
D C R x Oy satisfy
GAjyuy) =y, j=1,2,.... (8.26)

Our goal is to show that {(A;,u;)} has a convergent subsequence in R x X. In
the notation of (8.18), (8.19a), we write

A()u] = C(T+ Vu) [V2u],
G1(\ ) A(u)[u] + g\ u), (8.27)

where g : R x O — Y; is defined by g(A\,u) = b(\,u,Vu). Now {y;} =
{(yjl,y?)} converges in Y = Y; x Y5, and by compact embedding, u; — u, in

C'(Q,R%) and A\; — \. (as subsequences — not relabeled). By continuity, we
then have

g(Aj,u) = gh,uw) inYi,
(A ) = 7(A,w) inYa. (8.28)

Moreover, the coefficient functions comprising C(I + Vu;) are equicontinuous
in j, and since {u;} C X is bounded, we have

A(uj)[uj] — A(ug)[u;] = 0, as j,k — co. (8.29)
Next we define
B(u)h] = C(I+Vu)[Vhin,
Lw[h] = (A(w)lh], B(u)[h]), (8.30)
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where L(u) € L(X,Y) for each u € Os. Since {u;} € O; is bounded, we have
the uniform estimate (c.f. Chapter (2))

Il <€ [|[Lami| |+ iy, ] (8.31)

where C' > 0 is independent of h and j, In particular, for h = v — u,, we get
that

s =l < € [ B e = wnl |+ llus = wally,] - (8.32)

Clearly the second term on the right side of (8.32) approaches zero as k, m — oco.
Using (8.7) and (8.26) we get that

Dk — ], B(uy)[uy, — up]),
Dk — wp] — A(ug)[ug] — gk, we) + i
( )[um] +g(>‘maum) _Yma

L(uj)[u —up] = (A
i(u
+A
B(u;)[u — up] — ST+ Vug)n + 7(A\g, ) + y7
+S
A

= (4

+S(I+ Vum)n —7(Am, uAm) - yfn)A
(A(uy) — A(up))[ux] + (A(wn) = Au))[u,,]
_A g\, ur) + g(Am, um) + YIlc - Y%na
B(u;)[ur —uy] — S(I+ Vui)n + S(I+ Vuy,)n
+T (A, ug) — 7 (Am, W) + Y% - ygn) (8.33)

—~

Now it can be shown that

— 0, (8.34)

Y2

HB(UJ-)[u,c — ] = ST+ Vug)n + S(I + Vu,)n

as j,k,m — oo, then this together with the convergence of {y;}, (8.28) and
(8.29) implies that the first term on the right side of (8.32) also approaches
zero as j,k,m — oco. Thus {u;} C X is a Cauchy sequence, and thus has a
convergent subsequence in X.

To show (8.34), we note first that u; — w, in C'(Q, R®) implies that (8.34)
holds in the C'(Q, R?) norm. To complete the argument involves taking tan-
gential derivatives of the terms inside the norm in (8.34) and using an argument
like (8.29), c.f. [26, Thm. 4.6]. O

We are now in a position to use the degree of Chapter 7, in particular,
Theorem 7.3, to obtain a result similar to Theorem (6.3).

Theorem 8.6. Let ¥ C R x O denote the mazimal connected solution set of
(1.25) containing (0,0). Then X is characterized by at least one of the properties
(i) and (i) of Theorem (5.2) or

(iii)) X ¢ R x Os for each § > 0. (8.35)
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The proof of Theorem (8.6) is identical to the proof of Theorem (6.3) (c.f.
also Theorem (5.2)), except that we now use our generalized degree in place of
the Leray—Schauder degree.

In view of (8.14)—(8.16), in the case of characterization (iii) of ¥ in (8.35),
then there is a sequence of solutions {(\;,u;)} C X such that (6.23) and/or

g;(fz A(I+ Vu,;,x,€) -0, asj— oo, (8.36)
¢Ln(o), lel=1
indicating a potential breakdown in the complementing condition. As in Chap-
ter (6), we also have:

Corollary 8.7. In addition to the hypotheses of Theorem (8.6), assume the
constitutive hypotheses (6.27)—(6.29). If ¥ has property (8.35), and (8.36) does
not occur, then property (i) of Theorem (5.2) holds.

Unfortunately, the Knops—Stuart result does not hold for mixed problems.
Worse than that, there is no way to rule out (8.36) for ¥ bounded. Indeed there
are known examples where this occurs.



Chapter 9

Global Bifurcation in
Nonlinear Elasticity

In this chapter we summarize the typical setup for bifurcation problems in non-
linear elasticity, that are amenable to our approach. In particular, what we have
in mind here are a class of problems involving bifurcation from a homogeneous
state. In most cases, only very special types of boundary conditions, so—called
sliding conditions, together with traction—free conditions on another part of the
boundary admit a homogeneous solution for all values of the loading parameter.
We refer to the books [10], [35] for examples where only the linearized analysis
is carried out. See [42] and [24] for the nonlinear analysis of barrelling and
buckling of compress elastic cylinders. In particular, the later presents a global
analysis, which is a model for the material in this chapter.

Let H(\) € GL*(R®) denote a smooth curve for A € R such that H(0) = L.
Note that fy(x) = H(A\)x is a one—parameter family of homogeneous deforma-
tions. In what follows, we let

u(x) = f(x) - f1(x),

i.e., u(+) is the displacement field from the homogeneous deformed trivial state.
Going back through the assumptions in Chapter (8), we adopt (6.2), (8.3);, and
(8.4).

Typically such problems have a lot of symmetry although sometimes “hid-
den” by the boundary conditions, c.f. [42], [24]. We assume that such symmetry
has been fully exploited, leading to aa problem of the form

G(\,u) = (C(H(A) + Vu)[V?u], S(H(\) + Vu)n) = 0, (9.1)

where
C(H(A\) +Vu)[V>u] = 0 inQ, (9.2)
S(HA) +Vun = 0 ondQ, (9.3)
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and other conditions, say, on 9Q\0; are automatically satisfied by some spec-
ified symmetry condition. Abstractly, we have

G VCRxX —>Y =Y, xYs,

where X, Y7, Y are closed subspaces of C2%(Q, R?), C%2(Q,R?), C1 (00, R?)
respectively, as set by the exploitation of symmetry. Here

V = {RxX :det(H(\) + Vu) > 0in Q,
(C(H(X) + Vu),n) satisfies CC on 99 } (9.4)
We let
® = comp(0,0 inV, (9.5)
and, as in Chapter (8), for 6 > 0 we define
®s = {(\u)€®: det(H(\) +Vu) >4 in Q, and
[AH(A) + Vu,x,£)| > d on 0y,
V€ -n(x) =0, |¢] = 1}. (9.6)
As before, we have o
b5 C ‘13,
and
® = Us>0Ps. (97)

Since @5 is open for each § > 0, ® is also open.
We assume that (9.3) is satisfied when u = 0 for all A € R. Then

G(\,0)=0, ME€ER, (9.8)
i.e., we have the trivial line of solutions as in (5.19). As in Chapter (5), let
DuG(),0) = L(\) € L(X,Y),
and suppose that (5.20) holds, i.e., for some Ay € R,
L(A)n =0, n#0. (9.9)

Now G(-) as in Chapter (8) fulfills all of the properties needed to use the degree
from Chapter 7. Accordingly, we have:

Theorem 9.1. Given (9.8) and (9.9), suppose that L(X) € L(X,Y") is injective
(and bijective by the Fredholm property) on [Ao — €, Ao) U (Ao, Ao + €] for some
e > 0. In addition, suppose that there are numbers Ay € [Ag — €, A0) and
A2 € (Ao, Ao + €] such that

i(G(M\,+),0,0) #i(G(X2,),0,0), (9.10)

1.€.,

(~1)m O 3£ (—1ym0), (911)
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where m(\) denotes the number of real positive eigenvalues of L(X), counted
by algebraic multiplicity, c.f. (L4), (L5), (7.9). Let S denote the closure of
all nontrivial solutions of (9.1), and let ¥ = comp(Xo,0) in S. Then ¥ is
characterized by at least one of the properties (i), (i) of Theorem (5.8) or

(iii) = & &5 for all 6 > 0. (9.12)

The proof is nearly identical to Rabinowitz’s proof [37]. Once we assume
that neither (i), (ii) nor (iii) hold, we argue by contradiction, c.f. [24]. If (9.12)
holds, we are in the same situation as discussed at the end of Chapter (8), viz.,
there is a sequence of solutions {(A;,u;)} C ¥ such that (6.23) and/or (8.36)
hold. We can get the analogue of Corollary (8.7). Interestingly enough, this
requires a stronger growth condition: we replace (6.29)2 with

nl'(n) = —oo asn \,0. (9.13)

Corollary 9.2. In addition to the hypotheses leading to Theorem (9.1), assume
the constitutive hypotheses (6.27), (6.28), (6.29)1, and (9.13). If ¥ has property
(9.12), then property (i) is also true.

The growth condition (9.13) rules out the possibility that
J;j(x) = det(H(A\) + Vu,;(x)) \, 0,

identically on Q, which is required in the proof of Theorem (6.5). It can be
shown that (9.13) insures that the traction on 99y “blows up” in such a case,
which violates (9.3), c.f. [24]. Again (8.36) on a bounded branch is entirely
possible.
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